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Chapter 1

Mathematical Preliminaries

1.1 Induction

A very important proof method in mathematics (and computer science) is the prin-
ciple of induction. The most commonly known form of induction is mathematical
induction. In this section we want to investigate a method called well-founded in-
duction. This method is very powerful and implies most principles of induction.

Definition 1.1.1 A well-founded relation is a binary relation < on a set A such
that there are no infinite descending chains --- < a; < --- < ay; < ag. If a < b we
say that a is a predecessor of b.

A well-founded relation is necessarily irreflexive, i.e. there is no element a € A with
a < a, since, otherwise, --- < a < --- < a < a is an infinite chain.

We denote the reflexive closure of < by < i.e.

a=<b:<= a=bora=<b.

Notice that we do not require that < is transitive. However, well-founded relations
may be characterized in terms of minimal elements.

Theorem 1.1.2 Let < be a binary relation on a set A. Then < is well-founded iff*
any non-empty subset B C A has a minimal element, i.e. an element b € B with

Ve:(e<b=c¢B).

"'We write iff as an abbreviation for if and only if.
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Proof. <«: Suppose every non-empty subset of A has a minimal element, and
assume --- < a; < -+ < a; < qo is an infinite chain. Then the set B = {a; | i > 0}
does not have a minimal element, a contradiction.

=-: Assume B is a non-empty subset of A. Construct a chain as follows: Let ag be
an arbitrary element of B. Inductively, assume a chain a, < --- < ag of n elements
has been constructed. If there is a b € B with b < a,, take a,,.1 = b. If not stop the
construction. The constructed chain must be finite since < is well-founded, i.e. is of
the form a, < --- < ag. a, is the required minimal element since no element of B
is a predecessor of a,, by construction. 0

Now, we are going to formulate (and prove) the principle of well-founded induction.

Theorem 1.1.3 (Principle of well-founded induction) Let < be a well-founded
relation on a set A, and P be a property of elements of A. Then we have

Va € A: P(a) iff Vae A: ([Vb < a: P(b)] = P(a)).

Proof. =: This is trivial since P holds for all elements of A.

<: Suppose Va € A : ([Vb < a : P(b)] = P(a)), and assume that P does not
hold for an element a € A. Then the set {a € A | =P(a)} is not empty, and has,
by the previous theorem, a minimal element m. Now, let b € A be an arbitrary
element with b < m. Since m is minimal b must have property P, implying that all
predecessors of m satisfy P. We conclude P(m), a contradiction. U

Notice that the base case is given by those elements that do not have a predecessor.

If we take n < m iff n + 1 = m, i.e. the successor relation on natural numbers, the
principle of well-founded induction specializes to mathematical induction.

Later we will use structural induction on expressions and derivations. Both princi-
ples are again special cases of well-founded induction.



Chapter 2

First-Order Logic

In this chapter we want to study first-order logic as a formal system, i.e., as a system
with specific rules that can be implemented on a computer. In first-order logic one is
allowed to combine basic statements using logical connectives and to quantify over
entities.

2.1 Syntax

In order to provide a suitable language to talk about elements of the domain of
interest we require the following components:

1. X a set of variables.
2. F a set of function symbols. Each symbol has its arity.

3. P a set of predicate symbols. Each symbol has its arity.

0-ary functions symbols are called constant symbols. Such a symbol corresponds to
a function requiring no parameter at all, i.e., the function can be identified with the
element it returns. Similar the propositional variable of propositional logic can be
identified with 0-ary predicate symbols so that first-order logic becomes a extension
of propositional logic.

Definition 2.1.1 The set Term of terms is recursively defined by the following.

1. Fach variable x € X is a term, i.e., X C Term.
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2. If f € F is an n-ary function symbol and t,...,t, € Term are terms, then
f(t1, ..., t,) € Term.

Examples of terms are f(z,y,z) or f(f(z,x,x), f(y,y,vy),2) assuming that f is a
ternary function symbol and z,y, z are variables.

Definition 2.1.2 The set FOL of first-order formulas (or formulas) is recursively
defined by the following.

1. If p € P is an n-ary predicate symbol and ty,...,t, € Term are terms, then
p(t1, ..., tn) € FOL. Formulas of this kind are called atomic formulas.

2. L is a formula, i.e, 1. € FOL.
3. If ¢ € FOL then —¢ € FOL.
4. If 1, p2 € FOL then

(a) p1 A ps € FOL and
(b) ©1V ¢y € FOL and
(c) p1 — ps € FOL.

5. If p € FOL and z € X then

(a) Vx:p € FOL and
(b) Jz:p € FOL.

The previous definition defines the set of formulas by giving a set of rules which may
be applied to a base set finitely many times. We also say that the set FOL is defined
recursively by those rules. A set defined in such a way always provides a principle
of induction (see also Chapter 1). In the example of FOL that principle reads as
follows. If we want to show that a certain property N is true for all elements in
FOL it is sufficient to

Base case: show the property N for atomic formulas p(ti,...,t,) and the special
formula L;

Induction step I: show the property N for —¢ by assuming that it is already true
for ¢ (induction hypothesis);
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Induction step II: show the property N for ¢1®¢s for ® € {A,V,—} by assuming
that it is already true for ¢; and ¢o (induction hypothesis).

Induction step III: show the property N for Qz : ¢ for @ € {V,3} by assuming
that it is already true for ¢ (induction hypothesis).

The base case, in particular in the case of an atomic formula p(ty,...,t,), may
require another induction based on the structure of terms. This time the base case
is the case where the term is a variable, and the induction step covers the case that
the term is a function symbol applied to n terms.

We adopt certain precedence rules of the logical symbols. —, V, and 3 bind more
tightly than A, A tighter than Vv, and V tighter than —. For example, the proposition

pAgN —r —p

has to be read as
(pAq@)V(=r)) = p.

Last but not least, we will use the following abbreviations. We write T for = and
P14 s for (1 = 02) A (02 = 1),

In the case of binary function and predicate symbols we will also use infix notation.
For example, instead of writing +(z,y) and < (x,y) we use x +y and = < y.

Example 2.1.3 In this example we want to express some properties of the natural
numbers in first-order logic. For this purpose we assume that 1 is a constant symbol
(0-ary function symbol), s a unary function symbol, and = a binary predicate symbol.
With the interpretation in mind that 1 denotes the number one, s is the successor
function, and = denotes equality we may state the following formulas:

VaVy:(s(z) = s(y) - x=y)
Ve (=(z = 1) = Jyz = s(y)).

Notice that we cannot express the principle of induction since it quantifies over all
properties. Such a statement is covered by second-order logic.

We adapt the usual conventions for some negated atomic formulas. For example,
instead of writing —(z = y) and —~(x < y) we use z # y and « £ y. In addition, we
will group quantifications, i.e., we write Vz,y, z:¢ instead of V:Vy:Vz:p.
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Definition 2.1.4 An occurrence of a variable x € X in a formula is called bounded
iff it is in a subformula of the form Vx:p or dx:p. An occurrence is called free iff it
15 mot bounded.

Consider the formula

Vo:P(x) A Jy:Q(z,y).
The occurrence of x in P(x) and the occurrence of y are bounded. The second
occurrence of = in Q(z,y) is free. Another example is

Vy:(ylz Ay # 1=z =y).

Here all occurrences of y are bounded, and all occurrences of x are free. With the
standard interpretation the formula above expresses that x is prime.

Since variables are place holders we need some means to replace them with a concrete
object. For example, we may want to replace x in the last formula by the constant
symbol 2 in order to state that 2 is prime. In general we want to replace a variable
by a term. Unfortunately, we have to be careful because of some undesired side
effects of that operation. If we replace x by y in the last example we get

Vy(ylyhy #1 =y =1y).

This formula does not stand for 'y is prime’. The problem is that the term we going
to substitute contains a variable y, and that a free occurrence of x is under the scope
of Vy: or Jy:. The variable is free so that any variable contained in the term we are
going to substitute should also be free.

Definition 2.1.5 Let z € X be a variable, and ¢ € FOL be a formula. At € Term
is called free for x in ¢ iff no free occurrence of x is in a subformula Yy:©' or Jy:¢’
for a variable y occurring in t.

Now we are ready to introduce the notion of substitution.

Definition 2.1.6 Let x € X be a variable, t,t' € Term be terms, and ¢ € FOL be
a formula.

1. By t'[t/z] we denote the result of replacing all occurences of x int' by t.

2. If t is free for x in @, then we denote by @[t/x] the result of replacing any free
occurrence of x in @ by t.

If we write p[t/z] we always assume that ¢ is free for x. Later we will see that this
can always be achieved by renaming bounded variables.
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2.2 Semantics

Since we are now able to talk about individuals or elements the simple universe of
truth values is not rich enough to provide a suitable interpretation of the entities of
the language.

Definition 2.2.1 Let F be a set of function symbols, and P be a set of predicate
symbols. A model M consists of the following data:

1. |M| a non-empty set, called the universe.

2. For each function symbol f € F with arity n a n-ary function f* : | M| —
M.

3. For each predicate symbol p € P with arity n a subset p™ C |M|".
Notice that constant symbols are interpreted by elements.

Definition 2.2.2 Let M be a model. An environment o : X — | M| is a function
from the set of variables X to the universe of the model. For an environment o, a
variable x, and a value a € | M| denote by ola/z] the environment defined by

_Joa iff v =y,

We start with the interpretation of a term. Naturally, a term should denote an
element so that the interpretation of a term is an element of the universe.

Definition 2.2.3 Let M be a model, and o be an environment. The extension
g : Term — | M| of o is defined by:
1. o(x) = o(x) for every z € X.

2. 5(f(trs.. . tn)) = fMG(t),. ... 5(t)).

Qi

The next step is to define the validity of formulas.

Definition 2.2.4 Let M be a model, and o be an environment. The satisfaction
relation = plo] is recursively defined by:
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1. Emplty,... t)lo] iff (G(t),...,5(t,)) € pM.
Em Llo], i.e., not F=p Llo].

Fm —lo] iff o plo].

Fum o1 A palo] iff FEm eilo] and FEaq p2lo].

FEm o1 Voalo] iff Em eilo] or Em pofo].

Fm 1 = palo] iff o palo] whenever [ ¢1[o].
Fam Vaiplo] iff Ea plofa/x]] for all a € |M].
Fam Jzplo] iff Fa plola/z]] for some a € |[M].

o RS & e

From the definition above we derive some additional notions.

Definition 2.2.5 Let ¥ be a set of formulas, and ¢ be a formula.

1. ¢ is called valid in the model M (= @) iff Em @lo] for all environments o.
2. ¢ is called valid (= @) iff Em @ for all models M.

3. ¢ is called satisfiable iff there is a model M and an environment so that =
plo].

4. p follows from ¥ in M (E = @) iff for all environments o, whenever =
WYlo] for all o € 3, then = @|o].

5. @ follows from 3 (3 = ) iff ¥ Eam @ for all models M.

Let us consider an example.

Example 2.2.6 Consider the language and the formulas of Example 2.1.3 again.
The first model is the set of natural number N and the obvious interpretation of
the function, constant and predicate symbols, e.g., s"(x) = x + 1. In this case both
formulas are valid. The first formula Yx:Vy:(s(x) = s(y) — x = y) simply says that
successor is injective, and the second formula Yzr:(—(z = 1) — Jy:x = s(y)) says
that every element except 1 has a predecessor.

Now, we want to consider several different models. In all cases we will interpret the
symbol = by equality. First, consider the model A with universe {14}. The function
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symbol s s interpreted by the identity function. This model can be visualized by the
following graph:

SA

Yy

1A
The identity function is injective and all elements have a predecessor so that both
formulas are again satisfied.

For the second model consider again the natural numbers. This time we interpret s
by the function n w— 2n. This function is injective but all odd numbers are not in
the image of that function.

Last but not least, consider the models B and C' given by the graphs

B SC
0 .0

S
— 1Y ——¢

)y

Co
1s not injective but every elements except 1 has a predecessor. In the model

1B

Here sP

C both formulas are not true.

The following lemma states that a formula only depends on the variables that occur
free.

Lemma 2.2.7 Lett € Term be a term, p € FOL be a formula, and M be a model.

1. If the environments o1 and oy coincide on all variables of t, then 61(t) = d5(t).

2. If the environments o1 and o9 coincide on all free variables of ¢, then =
elo1] iff Fam ploa].

Proof. Both proofs are done by induction.

1. If t = z is a variable we get
5’1(t> = 0'1(33') = 0'2(.%) = 5’2(t>
If t is of the form f(¢y,...,t,) with a n-ary function symbol f and terms

ty,...,t, we conclude
5-1(t) - fM(a-l(tl)a o 751(tn))
= fM(Gy(th), ..., 52(tn)) by the induction hypothesis

= 09(1).
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2. If ¢ = p(ty,...,t,) is an atomic formula then every variable in each term is
free in ¢ so that we conclude 7, (t;) = 72(t;) for i € {1,...,n} using 1., which
immediately implies the assertion.

If o = L, then we have £ p[o1] and v p[oz] by definition.

Assume ¢ = 1 A 3. Then

Fm ploi] &Em eilon] and Ea oo
SEm piloe] and oo Ind. Hyp.
SEMm ool

The cases where ¢ is one of the formulas —¢’, 1 V g, or @1 — @9 are similar
to the previous case.

Assume ¢ = Qx:¢' with @Q € {V,3}. The free variables of ¢’ are the free
variables of ¢ and the variable z. Consequently, the environments o4[a/x]
and oy]a/z| for an arbitrary a € | M| coincide on all free variables in ¢’. We

conclude
Em oloi] ©Eum ¢'loifa/x]] for all/some a € | M|
SEm loza/z]] for all/some a € | M|
“Em eloa,

where the second equivalence is an application of the induction hypothesis. [

The next lemma relates the two notion of substitution and updating an environment.
First we want to illustrate it by an example.

Example 2.2.8 Consider again the formula Vy:(ylx ANy # 1 — x = y) using in the
standard model N of the natural numbers, i.e., this formula states that x is prime.
Now, consider the term 2 + 3. On the one hand we could substitute 2 + 3 for x
in the formula, giving Vy:(y|(2+3) ANy # 1 — 2+ 3 = y), and check its validity
for a given environment o. The formula is true for any environment since it does
not contain any free variable. On the other hand, we could first compute the value
7(243) =5 (in order to distinguish terms and natural numbers we use bold symbols
for numbers). This time we compute the validity of the original formula with the
environment o[5/x]. Once again this result in true.

Lemma 2.2.9 Let x € X be a variable, t,t' € Term be terms, ¢ € FOL be a
formula, and M be a model.
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Loa(t'ft/x]) = ala(t)/x](¥).
2. FEmelt/]lo] iff Fam plolo(t)/]].

Proof. Both assertions are shown by induction.

1. If ¢/ = y we distinguish two cases. If x =y we get

o(t't/x]) = a(t) = olo(t)/z](x) = ola(t)/2](t').

If x # y the environments o and o[ (t)/x] coincide on all variables in ¢'. We
use Lemma 2.2.7(1) and conclude

o(t'lt/x]) = a(y) = olo(t)/x)(y) = olo(t)/=](t).

Ift = f(ty,..., t,) we immediately get

o(t']t/x])
= fM( (ta[t/x]), ..., a(tut/x])) substitution

= Moo (t)/z](tr), . - ., ala(t)/z](t,)) induction hypothesis
= alo(t)/z](t)

2. If p=p(ty,..., t,) we conclude

Fm plt/z]lo]

skEmptt/z],. .., tn[t/z])[o] substitution
(@(tft/a]), ..., 5(talt/2])) € p™

& (olo(t)/z](tr), ..., oo (t) /z](ta)) € p™ 1.

SEmplty, .. ta)lolo(t)/z]]

“Em plola(t)/x]].

If o = L, then we have (= ¢[t/z][o] and e wlo|a(t)/x]] by definition.
Assume ¢ = 1 A ¢o. Then

Fam plt/allo] eFamceilt/allo] and aq polt/x](o]
SEm eilolo(t)/x]] and [a gololo(t)/z]]  Ind. Hyp.
Slm plofa(t)/x]].
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The cases where ¢ is one of the formulas —¢’, 1 V g, or @1 — @9 are similar
to the previous case.

Assume ¢ = Qu:¢" with @ € {V,3}. In the case x = y the variable z does not
occur free in ¢ so that ¢[t/x] = ¢. By Lemma 2.2.7(2) we get =0 plo] iff
Eum plola(t)/x], and, hence, the assertion. Assume z # y. Then we conclude

Fam olt/x]lo] SFEm Qui¢lt/x][o]

sSEum ¢'t/x][ola/y]] for all/some a € |[M|
ek @lola/yllola/yl(t)/2]] - for all/some a € | M]|
skEm ¢lola/yla(t)/x]] for all/some a € |[M|

by Lemma 2.2.7(2) since ¢
is free for z in Qy:p

Skeum Plolat)/x][a/y]] for all/some a € | M|
since x # y

SEm Quig'lolo(t)/]]

sk plolo(t)/2])

where the third equivalence is an application of the induction hypothesis. [

2.3 Natural Deduction

In this section we want to investigate a formal calculus for reasoning about formu-
las. This calculus, called natural deduction, uses proof rules, which allow to infer
formulas from other formulas. By applying these rules in succession, we may infer
a conclusion from a finite set of premises. Suppose a set {1, ..., ¢,} of formulas is
given. We start to apply a proof rule of the calculus to certain elements of the set
of premises generating a new formula ;. In the next step we apply a rule to cer-
tain elements of the set {y1,...,@n, 1} generating a new formula 5. Continuous
application of the rules to a growing set of formulas will finally end in the intended
result 1 - the conclusion. In this case we are successful in deriving ¢ from the set
of premises, and we will denote that by

D1y on F .

Some rules allow us to make temporary assumptions, i.e., such a rule enlarges the set
of premises temporarily. The derivation itself is actually a tree with the premises
and temporary assumptions we as leafs, applications of rules as nodes, and the
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conclusion as the root. The skeleton of a proof may look as follows (o denotes a
premises or assumption, e denotes an intermediate formula generated by a certain
rule, * denotes the conclusion):

O\O/o
T

P .\,/O
~_

The proof rules of the natural deduction calculus are grouped by the logical operators
and constants of the propositional language. For each operator we have introduction
and elimination rules, and for the constant | a single rule. Introduction rules are
used to infer a formula containing the operator as the outermost symbol. Elimination
rules are used to derive other properties from a formula containing the operator. We
want to discuss these rules in detail.

And introduction: This rule is used to infer a formula of the form ¢ A . It
seems obvious that we are allowed to conclude this formula if we have already
concluded both ¢ and . Therefore, the rule becomes

"
AP

The rule is binary, i.e, it has to be applied to two subtrees, the first deriving
v, the second deriving 1. To the right of the line we denote the name of the
rule (I means introduction, E means elimination).

/\I

And elimination: This rule is used to infer other properties from a formula of the
form ¢ A 1. We have to such elimination rules given by

LRAL Y fﬁj{AEQ
" AE1 0

Or introduction: These rules is used to infer a formula of the form ¢ V. It seems
obvious that is enough to know that either ¢ or 1) can be derived. Therefore,
we obtain the two rules:

P Y

VIl vI2
eV eV
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Or elimination: We are allowed to conclude a property y from ¢ V ¢ if we know
that ¢ as well as ¢ implies x. The or-elimination rule formalizes this principle:

¢l [

VY X X
X

VE,

Notice that the middle and right subtree correspond to the proof of x by
assuming ¢ and 1), respectively.

Implication introduction: In order to infer a formula of the form ¢ — 1) we are
allowed to temporarily make the assumption ¢. From this assumption we have
to derive the formula . If we are successful we denote this derivation by

¥
.
In that case we are allowed to conclude ¢ — . In addition, the temporary

assumption ¢ is not longer needed. We are allowed to discard it, denoted by
[¢]. The rule finally is:

[sf]
0
o=

—1

PBC: This rule is neither an introduction nor an elimination rule. PBCis an ab-
breviation for proof by contradiction. If we are able to show that = leads to
a contradiction, the formula |, then we are allowed to conclude . The rule
reads:
[~

L

3 PBC

For all elimination: If we know that Vx:p is true, then it is legal to conclude that
@ for x being an arbitrary element. In other terms, we are allowed to conclude

that o[t/x] is true for an arbitrary term t.

Vo
olt/x]

VE
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For all introduction: In order to show that a formula Vx:¢p is true one may simply
show ¢, i.e., we simply assume that x is an arbitrary element. For this being
legal we must assure that the variable x is not already used elsewhere (as a
free variable), i.e., that it is a ’fresh/new’ variable. We get the rule

® if x does not occur free in any
Vo premises of this subtree

This rule has condition, which has to be satisfied before we are allowed to apply
this rule. Notice that this condition refers to the premises of the subtree, i.e.,
just to those assumptions that are not yet discarded.

Exists introduction: This rule is very simple. If we were able to derive ¢[t/z] we
have already got a witness ¢ of the existential version of the formula. The rule

simply is
plt/x]
=P dl
i
Exists elimination: To understand this rule it is helpful to consider the case of
a finite model, i.e., a model {ay,...,a,}. In this case an existential formula
dx:p is true if it is true for one of the elements aq,...,a,. Assume that
the terms t;,...,t, denote the elements, i.e., d(¢;) = a;, then Jz:p is true

if p[ty/z] vV - -V p[t,/x] is true. Consequently, we get a rule similar to V
elimination. The formula y must be independent of x, and x be local to that
subtree motivating the variable condition of this rule.

]

vy if  does not occur free in y and in any
X 3B premises of the right subtree accept ¢

As in the case of VI the variable condition refers to the premises of the right
subtree, i.e., just to those assumptions that are not yet discarded.

The table below lists the rules of natural deduction for first-order logic.

As an example we will provide derivations for several properties in the following two
lemmas.

Lemma 2.3.1 Let , p1,po be formulas. Then we have:

1. F(pH—!—!(p.
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introduction rule

16

elimination rule

PBC

— . VIl

—— VI2
oV

oV

if = does not oc-
X cur free in x and
in any premises of
the right subtree
accept ¢

]

pVY X X

Vr:p VI

L

VE

-E

if  does not occur
free in any premises
of this subtree

plt/x]
Jx:p

dl

Table 2.1: Rules of natural deduction for first-order logic
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2. F =1 A g > (01 V a).
8. F =1V mg < (91 A ).
4. F V.

5. F (o1 = p2) € o1V o

6. _\((,01 — 902) — 1 A\ 9.

Proof. In each case we give derivations for both implications.

el o) - [ [e]!
1 B 1
==p I % PBC!
—|—|S0 9 9
p——p 1 =—p = —l

-E

[—1 A —ga]? (=1 A =)

P NEL [901]1 E P2
[1 V pa)? L ) - 1
T VE

- - _|12
(1 V 2)
—p1 A s = (1 V )

¢

[p1]! [pa]?

©1V P2 val [=(e1 V)P o1 Vi vg

I L

i % 7
1 A\

(1 V 02) = —p1 A 2y

[=(p1 V @2)]?

Y

[1 A pa)? [1 A o]
[—]! L AEL - [, 2
[—p1 V =, 1 B Lo
T VE

2
=(p1 A pa)
=01 V 22 = (01 A p2)

AE1

I

—13

17
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18

For the second derivation we first show that —(—p; V —=p9) F ; for i = 1, 2.

[l .
(=1 V ope) 21V s VE
% PBC!

Using the derivation above we get

[=(—¢1 v )" [~ (= v —p2)]!

61 b
[ (01 A @2)]? V1 N\ P2 B

L 1
~ 5V =, PBC

_>
(1 A 2) = 21 V 2y

A

12

4.
o]
ev-ol’ V=gVl
—% PBC!
2 L4 VI2
[ (0 V —p)] Ve
1 ) B
v =5 PBC
5. The first derivation uses 4.
o1 — 902]2 [<P1]1
: P2 o —E ]! I
©1V o Vs o1 Vs Y 1
oV L VE
(o1 = ©2) = 701 V o
leP [801]2
L o —E
[—e1 V po]? @ PBC [p2] VEL
P = 7 T 5
=01V a = (o1 — p2) -
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0.
[ﬁ%]z [@1]1
— 1 .. E
\ 72 PBC X ) [pa]? I
[=(p1 = @2)] D1 — P2 —>EI [=(p1 = @2)]* 1= 02 _)E
L 2 B N B
SOI PBC ﬁSOQ X%
©1 N\ o [
(1 = 02) = 1 Ay -
[p1 A —o]?
[o1 A —pa]? [p1 — ol V1 AEL
T AE2 02 —E
-E
; _\Il
—(p1 = p2) BE
©1 A s = (01 — ©2)
This completes the proof. U

Lemma 2.3.2 Let p, o1, p2, @3 € be formulas. Then we have:

1. F o1 Apa <> o2 A .

2. F 1 Vs <> 0o V.

3. F L& pA-p.

4 F o1 A(p2 Aps) < (o1 A p2) A 3.

5. F @1V (p2Vips) < (1 Vp2) Vs

6. o1 A (p2Vp3) € (1 Apa) V (01 A p3).
7. Eei V(g2 Aps) ¢ (01 V) A1V ps).

Proof. We provide derivations for both implications.

1.
[o1 A @] [p1 A o]
BT a— AE2 . .
P2 NP1 A 1
AN R ' WA} —1

AE1

The second derivation is similar.
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2.
1] ]!
1Vl Vel V2 g VIL
P2V o1 2 VE
o1V — 2V
The second derivation is similar.
3.
A =]t A =]t
n [ \ P A [
PBC 1 Y _E
_pAp T [ S I
J_—>go/\—|<p_> gp/\—|g0—>J__>
4.
) [o1 A (2 A s)]t AE2
[o1 A (02 A p3)] ©a N p3 [p1 A (92 A @s)]!
AE1 AE1 NE2
P1 P2 Al P2 N\ ©3
Y1 N\ P2 ©3 AIAEQ
(91 A p2) Ay .
—1I

©1 A (P2 A ps) = (o1 Aw2) A s

The second derivation is similar.
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Ame A NQJ vV Ih Ame V; ﬁQwv A Amqw V; ﬁQwv

A i (A TD) v 1
H<ﬁm AmS A NSV VA% v Am& A NSV v Th m:mS v HSV A ANS v Sﬁ
€h \/ B 14 €h \/ ech Ich
AN X = TV — AN —X = TV ——
VA NN CZ IV B by S N (ZVAEY
([f v 1] ([t v 1]
[ Ame V, ﬂgv A ANQV V, ﬂQwv — Amg A NQVV (VA%
A ¢ (2h v 10) A (2 v 1)
HNM> AQO v HQwv A ANQm v ﬂQwv - Ame V, ﬂQwv A ANQw v ﬂQwv ety €h A S
v £\ 10 v 2RVAL2 A(FP NED) v 1]
L5 v 1o e v 2
J(fP NEP) v 1) J(fD NED) v 1)
"IR[IUIIS ST UOIJRALIOD PUODIS O],
[ €h A AN3> HQwv — AQO\/Nva A T
an m EINGIND)
A Eh A (8 A 10) A Eh A (5 N 1D) m:mS A ) A 1)
HS> £ A (20 A 1) A h A (B A1) L[5 A D) NN
Lm& ZIN CH N D NTQL

)
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Ame V, mev A Th Ame A ﬂQwv V Ame A ﬂQwv

el
A AQO V. QOv A L
T Amg v N&v A I A Ame V; Nva A T ety €h A TH
” HA ") O A TD) v (7D A1)

4] [(50 A1) v (8 A1)
"SUIMO[[0F 9} 198 oM 9AO(R JNSAI O} SUIS()

Ame v NQwv A T

HA
T
AQO V NQwv A I Ame V; N&v A T Ch A T
JRCAY
S>H< w0 g (5b A 18) v (5 A 1)
% )

(EhV TA) A T € (S A 1) V/ (B A T6h) UOTYRALIOP ® OATS )SITJ OM TOIJRALIOP PUOISS ) 10,

(SH A1) Vv (8D A 1) «— (8 v Eh) A 1D

A
A AmS A HSV v ANS A HSV
BNV (EAATD) (AR Y (EENTS) (5 v ) AT
€H A T eh A 1 €h A T th A 1
A~ S < A S A = R (7
ng V; m& ng Vi m&
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As another example using the rules for quantification we provide again two lemmas.

Lemma 2.3.3 Let ¢ € FOL be a formula not containing a free occurrence of the
variable y. The we have

1. FVzip < Yyply /).
2. b Jzip < Jyply/x].

Proof. In both cases it is sufficient to show '—’. The other implication is similar.

1.
V]!
Vo] o
ely/rl "
Vy:ply /] o7
Vg — Vy:ply/z]
Notice that the variable condition of VI is satisfied since ¢, and, hence, Vx:p
does not contain a free occurrence of y.
2. !
R C
[Frip)® Jyiply/7] o
Jy:ly/x] o
dz:p — Jy:ply/z]
Notice that the Tl is of the required form since ¢[y/x][z/y] is just ¢ (recall y
does not occur free in ¢). Furthermore, the variable condition of JE is satisfied
since x does not occur free in Jy:p[y/x]. It occurs free in ¢, which does not
violate the condition.
This completes the proof. U

Lemma 2.3.4 Let p, 1, 2, 3 € FOL be formulas so that x does not occur free in
w3. Then we have:

1. EVz:Vy:p < Yy:Va:p.
2. EVxVy:p < YyVaip.

3. =Vxip < Jrinp.
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4. F—deip & Vo,

5. F V(o1 A ps) <> Vi A ps.

6. = Vx:(o1 A pa) <> Vo) AVaips.
7. V(1 V @3) < Voip V ps.

8. F 3x:(p1 V p3) & Az V o3,

9. F 3x:(p1 V p2) <> Fripr V i,

10. = 3z:(p1 A @3) <> oy A 3.

Proof. In the following derivation we will always omit the application of —1I and
L

1. We just prove — since the converse implication follows analogously:

The variable condition in the two applications is satisfied since Vz:Vy:p does
not contain x or y freely.

2. Again, we just prove —-:

[0]*

EFS dI
_2e =l
[Fy:p]?  Fy:Fap -
Ja:Jy: Jy:da:
yip y3re

Jy: 3z

The variable condition in the two applications of JE is satisfied since Jy:Jz:¢
does not contain z or y freely.
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[l
[—3z:—p)? Fri—e Al
I, F V]
o PBC o' T TR
Jxi—g L -
-E T JE
-2
—Vx:p

Vo Vax:p

L 9
Jx:—p PBC

The variable conditions of VI in the first derivation and of JE in the second
derivation are satisfied since x does neither occur free in =3z:—¢ nor in L and
V:p.

]! Va:-p
Al =g VE o]t

T —E [Fap)? 1

-E

IE!

2
—dzip -l
The variable conditions of VI in the first derivation (provided by Shahid Mah-
mood) and of JE in the second derivation are satisfied since x does neither

occur free in —3z:p nor in L and Vz:—.

Va:(p1 A @3) Va1 A 3

VE
A Va: A Va: Vo1 A
A IR £ (1 A @3) E fp :01 VE T %3 3 oo

©1 A\
I Y1 /\ Y3
Vo, v V3 /\I/\EZ Y1\ 3 N
Va:(p1 A gs3)

VI

Vo1 A s
The variable conditions of VI in the first derivation and the second derivation
are satisfied since x does neither occur free in Va:(p; A ¢3) nor in Va:p; A g3
(assumption on ¢3).

6. This derivation is similar to the previous one by adding an application of VI,
respectively of VE, in the second branch of both parts.

7. For the implication — we first provide a derivation Vx:(p1V3), o1 F Voo, V

©P3: .
@1 [901} E )

V:(p1 V e3) 1 N 3]
—V——— VE SRV oo — VI2
©1 V@3 Vo1V @3 Vo1 V @3 VEL

Vo1 V@3
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Using the derivation above we get Va: (1 V p3), =Va:ip; F Voo Vs as follows:
()

—Vxip — Jxi—mp; Vi
Jxi—q

Va:(e1 V p3) - [t

—E :
Vxipr V@3

1

Vx ‘P V @3 JE
The variable condition for JE is satisfied since z does neither occur free in
Vx:(p1Vps) nor in Vr:p; Vs (assumption on ¢3). Finally, using the derivation
above we get

Lemma 2.3.1(4) Va:(p1 V g3) ... [Vaip)!
[Vw:sal]l :
VooV =Vripy Ve, Vs

Vo1 Vs

VIl :
Vaipr V@3
vV

El

The converse implication follows from

V]!
Y1 \v/]lal [%03]1
Vo1 Vs @1 Vs

Y1V s
Va: (o1 V p3)

S VI2
VE!

VI

The variable condition of VI is satisfied since = does not occur free in Vz:p; V3
(assumption on ¢3).

8. )
[p1]
Ja: 2
L oo . .[<P3] Do
(o1 V ps]? Tz Vs Jz:01 Vo3 VR
Jz: (1 V p3) Jz:p1 V 3 -

dx:ip1 Vo3

The variable condition of JE is satisfied since x does not occur free in Jz:¢1 V3
(assumption on ¢3).

[ea]
_aves VL ]
Brp? (Vs T o1 Ves VI%I
dr:o1 Vo3 Jz: (1 V p3) Az:(¢1 V p3) VE?

ELCCI(QOl V g03)
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The variable condition of JE is satisfied since x does not occur free in Jz:(p; V
©3)-

9. This derivation is similar to the previous one by adding an application of I,
respectively of JE, in the right most branch of both parts.

10. .
[o1 A 3]
—>—— AEl
#1 =1 [p1 A 903]1
Jzipy ¥3 Al NE2
Jz:(1 A 3) S Nes
Jz:o1 A 3 E

The variable condition of JE is satisfied since x does not occur free in Jz:p1 A3
(assumption on ¢3).

Jz:o1 A 3
[@1]1 ¥3 Al AE2
Jz:01 A 3 w1 N\ p3
———— AEl =7 dI
Jz: Jz:(p1 A p3) -
3372(@1 A\ 903)

The variable condition of JE is satisfied since 2 does neither occur free in
Jz: (1 A 3) nor in Jz:p; A s (assumption on ¢3). m

We will provide further derivation when we consider normal forms of formulas in
first-order logic.

Theorem 2.3.5 (Soundness) Let ¢1,...,p, and ¥ be formulas. If ¢1,...,0n F
W, then v1, ..., pn E ¥ holds.

Proof. The proof is done by induction on the derivation ¢y, ..., v, = .

(Base case): In this case the proof is just a premises, i.e., we have ¥ € {¢1,...,¢n}-
Assume M is a model and o an environment with = ¢;[o] for i € {1,...,n}.
Then we conclude

Fam Ylo]
, and, hence @1, ..., p, = 1.

(Induction step): We distinguish several cases according the last rule applied.
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Al : In this case 1) = 1)1 Ay and we have derivations 1, ..., @, F ¥ and p1,..., 0, F

AE1 :

ANE2 :

VI1 :

VvI2 :

VE :

—1:

—E

. From the induction hypothesis we get ¢1,..., ¢, = ¥1 and @1, ..., ¢, E
5. Now, assume M is a model and o an environment with = ¢;[o] for
i€ {l,...,n}. Then we obtain from the induction hypothesis that = ¥1][0]

and = 2[o]. We conclude =aq ¢[o], and, hence ¢y, ..., ¢, = .

In this case we have a derivation ¢1,...,p, F ¥ A for some formula v'.
Now, assume M is a model and ¢ an environment satisfying the set of premises,
ie., FEm @ifo] for i € {1,...,n}. By the induction hypothesis we conclude

Eum ¥ A Y[o], which implies = ¥[o], and, hence, @1, ..., @, = .
Analogously to AEL.

In this case ¢y = ¥ V ¥y and we have a derivation ¢q,...,p, F 9. Now,
assume M is a model and o an environment satisfying the set of premises.
By the induction hypothesis we conclude = 91[o], which implies = 9]o],

and, hence, 1, ..., p, = .

Analogously to VII.

In this case we have the following derivations

1y Pn FY1L Vb
P1y--- 7§0n7¢1|_1/}
P1y--- 7Q0na¢2|_1/]

Now, assume M is a model and ¢ an environment satisfying the set of premises.
We get = U1 V 1o]o] from the induction hypothesis, i.e., either = ¢4 [0] or
= Wofo]. In the first case we conclude that M and o satisfy {¢1, ..., on, ¥1}.
Using the induction hypothesis again we get = ¥]o]. If [ 12[o] we con-
clude =p ¥[o] analogously.

In this case ¢ = 9y — ¥y and we have a derivation ¢, ..., @, Y1 F ¥s. Now,
assume M is a model and ¢ an environment satisfying the set of premises. If
M and o also satisfy 1; we conclude =4 ¥2[0] from the induction hypothesis,
and, hence, F=p Y]o]. If M and o do not satisfy ; we immediately get

FEum o).

: In this case we have derivations ¢1,...,0, F ¢ and ¢1,...,0, F ¢ — ¢ for

some formula ¢’. Now, assume M is a model and o an environment satisfying
the set of premises. From the induction hypothesis we get = ¢'[o] and

Eum ¢ — Ylo]. We conclude =y o]
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—I: In this case ¥ = —)’ and we have a derivation ¢1,...,¢,, %" = L. Now,
assume M is a model and o an environment satisfying {¢1,...,¢,}. If M
and o also satisfy ¢’ we conclude =, L[o] from the induction hypothesis. The
last statement is a contradiction so that we conclude [~ ¥'[0], and, hence,

FEm Ylo].

—E : In this case ¢ = L and we have derivations ¢1,...,p, = ¢ and ©1,..., ¢, b
-}’ for some formula ¢’. Now, assume M is a model and ¢ an environment
satisfying the set of premises. From the induction hypothesis we get = ¢'[0]
and = —¢'[0]. This is a contradiction so that such a pair M and o does not
exist showing ¢1,...,p, F L.

PBC : In this case we have a derivation ¢1,...,p,, 7 F L. Now, assume M
is a model and ¢ an environment satisfying {¢1,...,0,}. If M and o do
not satisfy ¢ we conclude =p L[o] from the induction hypothesis. The last
statement is a contradiction so that we conclude = ¢]o].

VI : In this case ¢ = Vx:1¢)', and we have a derivation 1, ..., @, F 9. The variable
condition implies that x does not occur free in any of ¢q,...,v,. Assume M
is a model and ¢ an environment with = @;[o] fori € {1,...,n}. By Lemma
2.2.7(2) we have =p pilofa/x]] for all a € [M| and i € {1,...,n}. By the
induction hypothesis we conclude =p ¢'[o[a/z]] for all a € | M|, and, hence,

FEum o).

VE : In this case ¢ = ¢'[t/x], and we have a derivation ¢1, ..., ¢, F V', Assume
M is a model and ¢ an environment with = ;o] for i € {1,...,n}. By
the induction hypothesis we conclude =pq Vz:9)'[o], and, in particular, =
Y [o[a(t)/z]]. From Lemma 2.2.9(2) we get = ¢'[t/x][0].

I : In this case ¢ = Jx:)’, and we have a derivation ¢y, ..., p, F ¢'[t/x]. Assume
M is a model and ¢ an environment with =y ;o] for i € {1,...,n}. By
the induction hypothesis we conclude |=pq ¢'[t/x][o]. Lemma 2.2.9(2) implies

Eum ' ola(t)/x]], and, hence, = Y]o].

JE : In this case we have derivations ¢1,...,p, F Jz:¢)’ and X, ¢’ F ¢ with ¥ C
{¢1,...,0n}. The variable condition implies that = does not occur free in 9
and in any formula of 3. Assume M is a model and ¢ an environment with
FEm @ifo] fori € {1,...,n}. By the induction hypothesis we get =1 Jz:)'[0].
We conclude that there is an a € |[M| with = ¢'[o]a/z]]. Since z does not
occur free in the formulas in 3 we get = ¢[ofa/z]] for all € ¥ by Lemma
2.2.9(2). From the induction hypothesis we derive = ¢[o[a/x]]. Again by
Lemma 2.2.9(2) we conclude =p 9[o] since & does not occur free in ¢p. O
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First-order languages quite often include a predicate symbol for equality =. The
main difference between the symbol = and other predicate symbols is that = usually
has a predefined interpretation, i.e., =M= {(a,a) | a € |[M]|} for all models. We
refer to this variant as first-order logic with equality. An extended version of natural
deduction provides an introduction and elimination rule for =:

th =1t @[ti/x]
= Pliafal "

Notice that =I does not have an assumption, i.e., this rule is actually an axiom.



Chapter 3

Formal Semantics of Programming
Languages

In this chapter we will introduce a small imperative programming language. For this
language we present its operational semantics, i.e., an abstract machine executing
programs, as well as logical calculus to derive certain properties about programs.

3.1 IMP- An Imperative Programming Language

This chapter introduces the syntax of a small imperative programming language
IMP. The language is based on constant, function, and predicate symbols for the
natural numbers. In particular, we have the following sets of F" of function symbols
and P™ of predicate symbols of arity n:

e [0 consists of all symbols for positive and negative integers with zero,
o F?={+ — x},
o PV = {true,false},

o P2={= <=}

As before we will use infix notation and the standard precedence rules in the exam-
ples.

In addition, we will use Boolean expressions within programs. These expression are
simply first-order formulas in our language that do not use quantifiers.

31
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In order to define the syntax of IMPwe will use a variant of grammar in BNF
(Backus-Naur form). Within the rules we use certain symbols as meta-variables for
syntactic entities, i.e., as so-called non-terminals. Concretely we use the following

e 1y, ... are variables,

® a,ap,a; range over arithmetic expressions, i.e., terms in the language above,

b, by, b1 range over boolean expressions, i.e., first-order formulas without quan-
tifiers,

® ¢, co, c1 range over commands (or programs).

The commands are defined by:

¢ = skip|z:=a|cy; c1|if b then ¢y else ¢; filwhile b do ¢ od.

Throughout the rest of this chapter we will fix the integers with the standard in-
terpretation for all function and predicate symbols as our model of interest. We
denote this model simply by Z. In particular, 7(a) is an integer for every arithmetic
expression a and environment o.

3.2 Operational Semantics of IMP

Operational semantics of a programming language consists of specifying an abstract
machine executing programs. This corresponds to an implementation of the lan-
guage.

The language IMP will modify the contents of variables. Consequently, a program c
takes an environment o, changes its content, and returns the modified environment
o’. This fact will be denoted by

(c,0) = o
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— is called the evaluation relation. This relation is defined by the following rules:
(Skip)  (skip,0) — o
(Assignment) (v :=a,0) — olo(a)/z]

(co,0) =" {c1,0") =0

g .
(Sequencing) P ——
. (co,0) = o ,
ditional 1 ff b
(Conditional 1) (if b then ¢y else ¢; fi,o) — o’ iff =z blo]
/
(Conditional 2) o) 2o iff =z —b[o]

(if b then ¢ else ¢ fi,o) — o’
(Loop 1)  (while bdo cod,o) o iff =z —b[o]

(c,0) = ¢” (while bdo cod,o") — o
while bdo cod,o) = 0o
b /

(Loop 2) iff =z b[o]

Several of the rules above have a side condition that has to be satisfied before the
corresponding rule can be applied.

Notice that the evaluation relation is a partial function. Let w be the program
while true do skip od, and o be an arbitrary state. Then there is no state o’
with (w, o) — o’

Before we continue we want to show that our programming language is deterministic,
i.e., the relation on environments given by commands is, in fact, a partial function.

Lemma 3.2.1 Let ¢ be a command, and o be a state. If (c,0) — o1 and (¢,0) — 09,
then o1 = o9 for all 01,09 € X.

Proof. We prove the lemma by structural induction on the derivation of (¢, o) —
g1q.

(Skip) In this case ¢ is skip and ¢ = ;. This implies that the derivation of
(c,0) — 09 also uses the rule (Skip), and, hence, o1 = 0 = 0.

(Assignment) In this case ¢ is x := a for a location x and an expression a and
o1 = olo(a)/x]. The second derivation must also uses this rule, and we get
oy =0olo(a)/z], i.e., o1 = 03.
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(Sequencing) We have c¢ is ¢p; ¢; for commands ¢y and ¢;. Furthermore, we have
derivations (cp, o) — o} and (¢, 0]) — o1 for a state o]. The second derivation
must use the same rule so that we get derivations (cy, o) — o} and (¢, 05) —
o9 for a state of. By the induction hypothesis we first get o] = o4 and then
01 = 029.

(Conditional 1) In this case we have =7 blo| and (¢, o) — o1. Again, the second
derivation must also use the rule (Conditional 1). We get a derivation (cg, o) —
02. The induction hypothesis implies 0, = 0.

(Conditional 2) Similar to the previous rule.

(Loop 1) We have =7 —b[o] and 01 = ¢. This implies that the second derivation
uses (Loop 1) too, and we get 01 = 0 = 03.

(Loop 2) We have =7 blo]| and derivations (¢/,0) — o} and (c,0}) — o7. As in
the previous cases the second derivation must also use (Loop 2) so that we
obtain derivations (¢, o) — o4 and (¢, 0}) — 5. By the induction hypothesis
we first get o} = o} and then o, = 05. O

The next lemma is concerned with the termination of a loop.

Lemma 3.2.2 [f (while bdo cod,o) — o', then there is an n € N and o; for
i€{0,...,n} with

1. og — 0,
2. =z bloy] and (c,0;) = 041 forie {0,...,n—1},
3. 0, =0 and =z —bloy,).

Proof. Let n be the number of applications of the (Loop 2) rule with a conclusion
that contains the program while b do ¢ od. We show by mathematical induction
(for n) that there are environments as required by 1.-3. above. If n = 0, then the
derivation must be an application of the (Loop 1) rule. The environments oq = o
satisfy the assertion. Now, assume we have n + 1 applications of (Loop 2) of the
form required. Then the last rule must be an application of (Loop 2). This implies
7z blo], and we get two derivations (c,0) — ¢” and (while b do ¢ od,0”) — o’.
The first derivation does not contain another (Loop 2) of the required form so that
the second derivation has n occurrences. By the induction hypothesis we obtain
environments with
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o
1. g =0",

2. ):Z b[O’Z] and <C, O'i> — 041 for i € {0, oo — 1},

3. 0, =0 and =z —b[o,).

These together with o satisfy the assertion. O

3.3 Axiomatic Semantics of IMP

An axiomatic semantics for a programming language consists of a logic for deriving
properties of those programs. In our case we are interested in partial correctness
assertions. A partial correctness assertion for a command has the form:

{wtefdy

where ¢, 1) are formulas and c is a command. Notice that the partial correctness
assertion is not a first-order formula. ¢ is called the precondition and 1 the post-
condition of the assertion. Informally a partial correctness assertion says that if
the precondition is satisfied and the program terminates, then the postcondition is
satisfied. Since the assertion does not make any statements about termination of
the command it is called a partial correctness assertion. Formally, we define the
satisfaction relation = {¢}c{¢}[o] with respect to an environment o, i.e., whether
the triple is true or not, by the following property:

If &=z ¢lo] and (¢,0) — o', then 7z (o]

As before we write = {¢}c{v} if = {¢}c{v}[o] holds for all environment o.

Now, we are going to present proof rules for partial correctness assertions. Those
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rules are often called Hoare rules, and the proof system Hoare logic.
(Skip)  {¢}skip{p}
(Assignment)  {vla/a]}x == a{s}
{eteoixt  Ixje{y)

(Sequencing) {oreo: {0}
- {o Abjeofr}  {oA—bier{y}
(Conditional) [pVif b then ¢ else ¢ £i{d}
{o Abic{p}
(Loop) {p}while b do c od{p A —b}
(Consequence) FEo—¢ A{tdy'} EY =9

{wteld}

Notice that the consequence rule relies on validity and not on the provability of two
implications. A partial correction assertion {¢}c{1} derived using the rules above
is called a theorem, and we denote that fact by F {p}c{y}.

3.3.1 Soundness

It is not yet clear that theorems of the Hoare logic are valid actually valid partial
correctness assertions. The corresponding property is called soundness of the logic,
which we are going to prove in this section. Before we are able to do this we need
a lemma relating substitution and validity.

Now we are ready to establish the soundness of the proof rules.

Theorem 3.3.1 (Soundness) Let {¢}c{v} be a partial correctness assertion. Then
= {o}e{w} implies = {o}c{d}.

Proof. The proof uses structural induction on the derivation - {p}c{}.

(Skip): In this case ¢ = ¢ and ¢ = skip. Assume o is an environment with
7 plo]. Since (¢,0) — o we get =z ¥[o].
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(Assignment): Assume =7 ¢[a/z][c]. By Lemma 2.2.9 this is equivalent to the
statement =z v[ola(a)/z]]. Since (v := a,0) — olo(a)/x] we conclude the
soundness of the assignment rule.

(Sequencing): In this case we have two derivations - {¢}co{x} (left subtree) and
F{x}ci{v} (right subtree). Now, assume =z ¢[o] and (co;c1,0) — o’. From
the operational semantics we conclude that (cy,0) — ¢” and {(¢;,0") — o’
for some environment ¢”. The induction hypothesis for the left subtree shows
=z x[c”]. Using the induction hypothesis for the right subtree we get |=z 1 [0”].

(Conditional): In this case ¢ = if b then ¢y else ¢; fi and we have two deriva-
tions - {@ Ab}co{} (left subtree) and - {@ A =b}ci{v} (right subtree). Now,
assume =z p[o] and (¢,0) — o'. If =7 blo], then we have =7 ¢ A blo]. Fur-
thermore, from the operational semantics we obtain (cg,0) — o’. Using the
induction hypothesis for the left subtree we get =z 1[0’]. The case [~z blo],
i.e., =z —blo] follows analogously using the induction hypothesis for the right
subtree.

(Loop): In this case we have ¢ = while b do ¢ od and ¢ = ¢ A =b. Furthermore,
we have a subtree - {¢ A b}c'{¢}. Now, assume =z ¢[o] and (c,0) — o’. By
Lemma 3.2.2 there is an n € N and o; for ¢ € {0,...,n} with

1. 09 =0,
2. ):Z b[O'l] and <Cl, O'i> — 041 for i € {0, oo,n = 1},
3. 0, =0 and =z —b[oy,).

We show by mathematical induction that =z ¢[o;] for all i € {0,...,n}. If
t = 0, then 0; = o so that the assertion follows from the general assumption in
this case. For the induction step we have |=7 ¢[o;] by the induction hypothesis
for i so that =z ¢ A b[o;] follows from 2. since i + 1 < n. Together with
(', 0;) = 0;41 and the induction hypothesis for the subtree - {p Ab}{p} we
obtain =7 ¢[o;41]. This completes the induction on i.

We conclude =7 ¢[o’] and |7 —b[o’] from 3. and the induction above. This
shows =z ¥[0'].

(Consequence): Assume =7 p[o] and (¢,0) — ¢'. From =z ¢ — ¢’ we conclude
Ez ¢ — ¢'[o], and, hence, =7 ¢'[o]. By the induction hypothesis we obtain

=z Y'[0’]. Using =z ' — ¢ we obtain =z [o’]. O

The converse implication of the previous theorem is called completeness of the logic.
It says that every valid partial correctness assertion can be derived using Hoare



CHAPTER 3. FORMAL SEMANTICS OF PROGRAMMING LANGUAGES 38

logic. In other words the set of rules is sufficient for proving partial correctness of
programs. The proof of this theorem is out of the scope of this course.



Chapter 4

Algebraic Specifications

An algebraic specification is specification, i.e. a formal description, of (several) ab-
stract data types and their operations. In this approach all operations are functions
and their behavior is described by formulas.

4.1 Syntax: Signatures

First we want to introduce the notion of a signature. A signature contains the
syntactic material necessary for an algebraic specification.

Definition 4.1.1 A signature SIG = (S,C, F) is a triple of three pairwise disjoint
sets:

e S, the set of sorts,

e (U, the set of constant symbols, is the union of pairwise disjoint sets Cy of
constant symbols of sort s € S,

o [, the set of function symbols, is the union of pairwise disjoint sets Fy, . s..s
of function symbols with argument sorts si,...,s, € S and range sort s € S.

Similar to set Term of terms in first order logic we define expressions or terms of a
signature. Hereby we have to take care that terms are well-typed, i.e. that function
symbols are just applied to terms of correct sort. As before we want to be able to
use variables to construct terms. Therefore, let X be a union of pairwise disjoint
sets X of variables of sort s € .S, called a collection of variables.

39
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Definition 4.1.2 Let SIG be a signature, and X be a variable collection. Then the
set TSIG(X) of terms of sort s € S is defined by:

1. X, CTSS(X), i.e. every variable of sort s is a term of sort s,
2. Cy, CTSG(X), i.e. every constant of sort s is a term of sort s,

8. If t1 € THO(X), ... t, € TS'9(X) and f € Fy,, 5.5 then f(t1,... t,) €
T3 (X).

The definition of the set of free variables F'V(t) of a term ¢ is obvious. ¢ is called a
ground term if FV (t) = (), i.e. t does not contain any variable. Similar to the set
Term we define the substitution [t/ /x] of a term ¢’ € T5%(X) for a variable x € X,
in the term ¢. Notice that ¢ and x must be of the same sort in order to guarantee
that ¢[t' /x| is well-typed. The details of the definition are left to the reader.

In order to specify the behavior of the functions of a signature we need a notion of
formulas. Formulas are constructed similar to the set FOL of first-order formulas.
As we did for terms above we have to make sure that all expressions are well-typed.

Definition 4.1.3 Let SIG be a signature, and X be a variable collection. Then the
set FS'S(X) of formulas is defined by:

1. Ifty,ty € TOG(X), d.e. terms of same sort, then t; =ty € FS9(X).
2. If ¢ € FS9(X), then —¢ € FS6(X).
3. If pr,0 € F19(X), then o1 A g, 01 V 2,01 — 2 € FYG(X).

4. If p € F'9(X) and x € X, thenVx € s: ¢, 3z € 5: p € FPE(X),

The definition of the free variables of a formula is again obvious. Similar to first-order
logic we define the substitution @[t/z] of a term ¢t € T5'%(X) for a variable z € X,
in the formula ¢. Again ¢ and z must be of the same sort in order to guarantee
that o[t'/x] is well-formed. As above we leave the details of this definition to the
reader.

Definition 4.1.4 An algebraic specification SPEC = (SIG, X, E) consists of a sig-
nature SIG, a collection of variables X and set of formulas E C FS¢(X).
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4.2 Semantics: SIG-Algebras and Models

We start with the definition of a SIG-algebra providing an interpretation of all
syntactic entities of a signature. We are going to interpret function symbols by
partial functions. The reason is that a program implementing a an operation might
not terminate for certain input, i.e. is in fact a partial function.

Definition 4.2.1 Let SIG = (S,C, F) be a signature. A triple A = (S4,C4, F4) is
called a S1G-algebra iff:

o S4 ={s]5s¢€ S} is aset of non-empty sets s* for each sort s € S, called
the base sets or domains of A.

o 04 ={c"|ceC} is a set of elements c* so that ¢t € s* iff c € C,.

o FA={fA]f € F}isaset of partial functions f4 so that f4: st x---xs4 —
s ie. f4 is a partial function taking elements from s,... 52 as arguments

rn
returning a value from s, iff f € Fy o5

In order to compute the value of a term or the validity of a formula we need elements

for each variable (see state and interpretation). An assignment a : X — J s is
ses

a function mapping variable to elements in the domains of A so that a(z) € S4 iff
v € X,. If v € X, and u € s* we denote by afu/x] the assignment obtained from a
by changing the content for = to wu.

Definition 4.2.2 Let SIG = (S, C, F) be a signature, X be a collection of variables,
A be a SIG-algebra, and a be an assignment. Then the value V4 (t)a € s* of a term
t € TSIG(X) in the SIG-algebra A and the assignment a is defined by:

e Vi(x)a=a(x).

e Vi(c)a = c.
FAValt)a, ..., Va(ta)a) if Va(t)a for1 <i<n

and f4 1)a, ..., n)a
o Va((f(tr,.. . tn)))a = mdj;ﬁ%@) Va(ta)a)

undefined otherwise
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Notice that the value function is a partial function itself.

In the following a statement V4(t1)a = Va(t2)a always reads as follows: Both values
Va(t1)a and V4(t2)a are defined and they are equal or both sides are undefined.

The value of ground term t does not depend on the assignment since ¢ contains no
variable. We omit a formal proof of this fact, and we write V4(t) instead Va(t)a
with an arbitrary assignment a.

A SIG-algebra may contain junk, i.e. elements that are not described by any ground
term of the signature. In computer science we are usually not interested in those
algebras. Main reason is that it is just possible to implement a data type with at
most countable many elements. Therefore, we call a SIG-algebra term generated
(or finitely generated) if for every sort s € S and every u € s# there is a term
t € TSIG(X) with Va(t) = u.

Definition 4.2.3 Let SIG = (S, C, F) be a signature, X be a collection of variables,
A be a SIG-algebra, and a be an assignment. Then the satisfaction relation (A, a) =
@ of a formula ¢ € F'S(X) in the SIG-algebra A and the assignment a is defined

by:

(A a) Et; =ty if Va(t)a = Va(t2)a.

(A,a) &= —p if not (A,a) | .

(A a) = o A1 if (A,a) = o and (A, a) = 1.
(A a) = @o Vo1 if (Aa) = po or (A a) = ¢r.
(A, a)

(A, a)

(A, a)

ya) | o = 1 if (A, a) | @o implies (A, a) |= 1.
,a) EVx € s: ¢ if for allu € s* we have (A, alu/z]) E .

,a) = Vo € s @ if there is a u € s with (A, alu/z]) = .

We write A |= ¢ iff (A,a) = ¢ for all assignments a and |= ¢ iff A = ¢ for all
SIG-algebras A.

The definition above is very similar to the definition of the semantics of first-order
logic. The only remarkable difference is in the reading of = in the presence of partial
functions.

Definition 4.2.4 Let SPEC = (SIG, X, E) be an algebraic specification. Then:
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1. A SIG-algebra A is called model of SPEC if A |= ¢ for all p € E.

2. The semantics of SPEC is the class Gen(SPEC) of all term generated models
of SPEC.

The approach taken here is called loose semantics because we consider all possible
term generated models. Other approaches define the semantics of an algebraic spec-
ification by choosing a particular model, e.g. the initial or the terminal model. We
will study those models in the next section.

4.3 Homomorphisms, initial and terminal Models

Functions between structures of the same kind preserving the structure are usually
called homomorphisms. In terms of SIG-algebras we get the following definition.

Definition 4.3.1 Let SIG be a signature, and A and B be SIG-algebras. A family
H = (hy)ses of partial function hy : s* — sB is called a SIG-homomorphism from
A to B if

s(c) =P for all c € C,,

1. hy(
2. hs(fA(ul,...,un)) = fB(hsl(ul),...,hsn(un)) forall f € Fy, _5.s and uy €

A A
8155 Un €Sy

Notice that if the right hand side of the equation in 2. is not defined, then so must
the left hand side. We may visualize the second property by the following diagram
where we assume for simplicity that f is a unary function symbol:

a oA
s ——>3
s
B I° B

If H is a SIG-homomorphism from A to B we write H : A — B.

Lemma 4.3.2 Let SIG be a signature, A, B,C" and D be S1G-algebras, and H :
A— B, K:B—C and L :C — D be SIG-homomorphisms. Then we have

1. 1da := (idsa)ses, i.e. the family of the identity function on each domain, is a
SIG-homomorphism from A to A,
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2. Ko H :=(ksohg)ses is a SIG-homomorphism from A to C,

3. (LoK)oH = Lo (KoH), ie. composition of SIG-homomorphisms is asso-
ciative,

4. Idpo H = H = H oldy, i.e. the identity homomorphism is a left and right
neutral element for composition,

5. If every hy is bijective, then H™1 := (h;')ses is a SIG-homomorphism from B
to Aand Ho H ' =1dg and H ' o H = 1d4.

Proof.

1. This is trivial since both sides of both equations in Definition 4.3.1 become
equal.

2. The assertion follows immediately from

(ks 0 hy)(c™)
= Rs hS(CA))
= ky(cP) since H is a homomorphism
=, since K is a homomorphism

(kg0 ho)(fA(uq, ..., un))

= ko(hs(f*(ur, .. un)))

= ko(fP(hs, (1), ..., h, (un))) since H is a homomorphism
= f ks, (hs, (w1)), .. ., ks, (hs, (1)) since K is a homomorphism

= fc((ka 0 hs ) (1), ... (ks, © hs, ) (un)).

3. This follows immediately from the fact that composition of function is asso-
ciative.
A ?)

4. This follows from the fact that the identity function on s is a

right (resp. left) neutral element for composition.

resp. on s
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5. Consider the computations

hit(cP)

= h 1 (hy(c?)) since H is a homomorphism

= CA7

hH(fP (o, o)

= h; (fP(hs, (1), ..., h, (Un))) for some uy, ..., u, € s*
since each hy, is surjective

= h; (b (fA (g, . . u))) since H is a homomorphism

= M ug, .. u).

This shows that H~! is a SIG-homomorphism from B to A. The remaining
properties follow immediately from the corresponding properties for each hy
and h; !l U

Notice that 1.-4. of the previous lemma shows that the structure of SIG-algebras with
SIG-homomorphisms is a category. Categories play an important rule theoretical
computer science and mathematics.

A SIG-homomorphism H so that H~! exists is called a SIG-isomorphism. Two SIG-
algebras are called isomorphic (denoted by A = B) if there is a SIG-isomorphism
H : A — B (or equivalently K : B — A).

Lemma 4.3.3 Let SIG be a signature, A and B be S1G-algebras, H : A — B be a
SIG-homomorphism, and t a ground term. If Vg(t) or hs(Va(t)) are defined, then
so0 is the other value and we have hs(Va(t)) = Vp(t).

Proof. This is shown by structural induction on t.

t = c: In this case we have Vp(()t) = c® and V4(()t) = ¢ so that both values are
defined. From the definition of a SIG-homomorphism we conclude hs(Va(t)) =
hs(c?t) = cP = Vp(t) and, in particular, that h,(Va(t)) is defined.

t= f(t1,...,tn): If Vp(t) is defined, we have Vg(t) = fB(Vg(t1),...,Vg(t,)). From
the induction hypothesis we conclude hs,(Va(t;)) are defined and Vg(t;) =
hs,(Va(t;)) for 1 < i < n since the value of each subterm ¢; of ¢ is defined in
B. We obtain Vi(t) = fB(hy,(Va(ts)), ..., hs,(Va(t;))). From the definition
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of a SIG-homomorphism we derive that h,(fA(Va(t1),...,Va(t,)) is defined
and equal to Vp(t). We conclude

Vi(t) = h(f (Valtr), ..., Valtn)) = hs(Va(t)).

The latter also shows that hg(V4(t)) is defined.
If hs(Va(t)) is defined, then so is V4(t) and we have

he(Va(t)) = ho(fAValt1), ..., Valty)).

From the definition of a SIG-homomorphism we conclude

hs(Va(t)) = [P (s, (Va(tr)), -, hs, (Va(ta)).

In particular, all kg, (Va(t1)) with 1 < ¢ < n are defined. From the induction
hypothesis we conclude that Vp(t;) is defined and that hg,(Va(t1)) = Va(t;)
for all 1 <4 < n. This implies hy(Va(t)) = fB(Vg(t1),...,Ve(tn)) = V().
The latter also shows that Vg(t) is defined. U

We get the following lemma as an immediate consequence from the previous one.

Lemma 4.3.4 Let SIG be a signature, A a term generated SIG-algebra, and B be
an arbitrary SIG-algebra. Then there is at most one SIG-homomorphism from A to
B.

Proof. Assume H, K : A — B are SIG-homomorphisms. We show that
hs(Va(t)) = ks(Va(t)) for all ground terms ¢. The assertion then follows from the
fact that A is term generated. Notice that the equality stated above is an equal-
ity of partially defined values. We have to show that if hs(Va(t)) is defined, then
ks(Va(t)) is defined and hs(Va(t)) = ks(Va(t)). Assume hs(Va(t)) is defined. From
Lemma 4.3.3 we obtain that Vg(t) is defined and that hs(Va(t)) = Vp(t). Applying
Lemma 4.3.3 again we derive that ks(V4(t)) is defined and that ks(Va(t)) = Vp(t).
We conclude hy(Va(t)) = ks(Val(t)). O

One may define a pre-order on SIG-algebras by A < B iff there is a homomorphism
from B to A. From the previous lemma it follows that if A < B and B < A, then
A = B (see also Theorem 4.3.6). Among the models of a specification we want to
identify the least and the greatest element (if they exist).

Definition 4.3.5 Let SPEC be an algebraic specification. Then we call
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e o (term generated) model I from Gen(SPEC) initial if there is a SIG-homo-
morphism from I to any model in Gen(SPEC).

e o (term generated) model T from Gen(SPEC) terminal if there is a SIG-
homomorphism from any model in Gen(SPEC) to T.

The notions of initial and terminal objects are general notions in category theory.
Usually it requires for initial objects I that there is exactly one morphism to every
other object of the category. In our case we are able to drop the uniqueness property
since we have already shown that there at most one SIG-homomorphism between
term generated SIG-algebras. However, initial and terminal objects are unique up
to isomorphism.

Theorem 4.3.6 Let SPEC be an algebraic specification. Then we have:

1. An initial model is unique up to isomorphism, i.e. if Iy and Iy are initial, then
L =1

2. A terminal model is unique up to isomorphism, i.e. if Iy and Iy are initial,
then Il = ]2.

Proof.

1. Assume I; and I, are initial models. Then there is a SIG-homomorphism
H : I — I since [; is initial and a SIG-homomorphism K : I, — I; since
15 is initial. Then K o H is a SIG-homomorphism from I; to [; by Lemma
4.3.2(2). The same lemma also shows that Id;, is a SIG-homomorphism from
I to I. From Lemma 4.3.4 we conclude K o H = Id;,. Analogously we obtain
H o K =1dy,. This shows that we have h, = k; ! for every sort s € S, i.e. that
H (and K) is an isomorphism.

2. Analogously to 1. U

In the presence of partial operations, i.e. function symbols are interpreted by partial
functions, a terminal model does usually not exist. For this reason we want to
concentrate on initial models.

In the remainder of this section we want to find sufficient properties of the algebraic
specification so that initial model exists. Those properties are essentially properties
of the set E of axioms. First we consider the case of F = ).
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Definition 4.3.7 Let SIG = (S,C, F) be a signature. Then we define the term
algebra Term by

o s 45 the set of ground terms of sort s,
o c™ — ¢ j.e. the interpretation of a constant symbol is the symbol itself,
[ fTerm<t17 c. ,tn> = f(tla ce 7tn> fOT all f € Fs1 ..... Sn;s and tl € Srlrerm7 T 7t” €
Term
s,

n

Theorem 4.3.8 Let SIG be a signature. Then Term the initial model of (SIG, ().

Proof. Let A be a term generated SIG-algebra. Then we define a family of
functions H : Term — A by

ha(t) := Va(t).

Let ¢ € C, be a constant symbol. Then we have h,(cT™) = hy(c) = Va(c) = ¢
Now assume f € Fy, ..« and t; € s7™ ... t, € s:™ Then

.....

ha( ™ (b, 1) = he(f(tay - o 1))

= Va(f(ts, ... 1))
AWVa(t1), ... Va(tn))
Ahg (1), - s (tn).

This completes the proof. O

Notice that the above theorem is not restricted to the class of term generated SIG-
algebras. For the more general version we have to show that the SIG-homomorphism
defined above is unique. But this follows immediately since Term is term generated.

With no axioms available the term model is the initial model of the specification.

In order to model the effect of certain axioms on the term model we need the notion
of a congruence.

Definition 4.3.9 Let SIG be a signature, and A be a S1G-algebra. We call a family

~= (~)ses of equivalence relations ~g on s, de. ~,C s x 54, a SIG-congruence
on A if
1 Uy ~og, V1, Uy ~, Uy and fA(uy, . .. uy) s defined implies that fA(vy, ..., vy)

is defined and fA(uy, ... uy) ~s fA(01,. .., 00),
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2. U ~g, V1, Uy ~, Uy and fA(v, ..., vp) is defined implies that f2(uy, ..., uy)

is defined and fA(uy, ..., u,) ~s fA(1,...,00),
forall f € Fy, 5.5

Given a SIG-congruence we are able to construct a new SIG-algebra based on the
equivalence classes of the congruence.

Definition 4.3.10 Let SIG be a signature, A be a SIG-algebra, and ~ be a SIG-
congruence on A. Then the quotient algebra A/ =~ is defined by

o A/ — {[u]~, | u € s}, i.e. the elements of sA/

of elements of s with respect to ~y,

are the equivalence classes

o fAR([u], ..., [un)) = [fA(us, ... un)l.
Notice that f4/* is well-defined because ~ is a SIG-congruence.

Theorem 4.3.11 Let SPEC = (SIG, E) be an algebraic specification. Then the
family of relation == (~)ses on the term model Term defined by

t1 ~s to iff Va(t1) = Va(ta) for all A € Gen(SPEC)

15 a SIG-congruence on Term.

Proof. Assume t; ~g t), ..ty ~s, B 1. Va(ty) = Va(t)),...,Va(t,) =
Va(t) for all A € Gen(SPEC). Since both frem(¢y. ... t,) = f(t1,...,t,) and
frem ooty = f(th, ..., ) are defined it remains to show that f(t1,...,t,) ~s
f(th,...,t). Therefore, let A € Gen(SPEC). Suppose Va(f(t1,...,t,)) is not
defined. Then either V4(t;) for an i € {1,...,n} is not defined or f4 is not de-
fined at Va(t1),...,Va(t,). In the first case we conclude that V4(t]) is also not
defined, and in the second case that f* is not defined at V4(t}), ..., Va(t,) because
Va(ty) = Va(t)),..., Va(t,) = Va(t,). This implies that V4(f(¢],...,t,)) is not
defined. The converse implication follows analogously. Now assume both values are
defined and compute

Valf(tr, .. ta) = f Valts), ..., Val(tn))
= fAWat), ..., Val(t))
= VA(f tll, - ,t;)).
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This completes the proof. 0

If the quotient algebra of Term versus the SIG-congruence defined above is again a
model, then it is an initial model.

Theorem 4.3.12 Let SPEC = (SIG, E) be an algebraic specification, and = the
SIG-congruence from Theorem 4.8.11. If Term/ ~& Gen(SPEC), then Term/ = is
an initial model.

Proof. Suppose A € Gen(SPEC). We have to show that there is a SIG-
homomorphism from Term/ ~ to A. As in the case of F = () we use the value
function in A and define hy([t]) = Va(t). Notice that hs is well-defined since t ~ t/
is equivalent to Va(t) = Va(t') by the definition of ~.

Let ¢ € C, be a constant symbol. Then we have h,(c™™/*) = hy([c]) = Va(c) = *.

Now assume f € Fy, . and [t;] € slTerm/z, oo tl] € sierm/~ hen
ho(fT™ (1], [tn]) = ha([FT™ (1, - t)])
= hs([f(t1,.. . ta)])
=Va(f(ts,...,tn))

This completes the proof. l

If E is a set of equations, i.e. every formula ¢ in F is of the form

Vo, € s1:...Va, € 5, 1 t_t,
then we are able to show Term/ ~€ Gen(SPEC). A formal proof of this fact is left
as an exercise.

The previous statement can also be formulated as follows: If the set of axioms
consists just of equations, then an initial model of the specification exists. It can be
computed as quotient algebra of the term algebra.



