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Abstract

Supposéahat @ is asetof problemsand.S is a setof skills. A skill functionassigngo eachproblem
q —i.e. to eachelementof @ —thosesetsof skills which areminimally sufiicientto solve ¢; a problem
function assignsto eachset X of skills the set of problemswhich can be solved with theseskills (a
knowledgestatg. We explorethe naturalpropertiesof suchfunctionsandshow thattheseconceptsare
basicallythe same.Furthermorewe show that for every family K of subsetof Q which includesthe
emptysetand @, therearea set.S of (abstract)skills anda problemfunction whoserangeis just K.
We alsogive a boundfor the numberof skills neededo generatea specificsetof knowledgestates,
anddiscussvariouswaysto supplya setof knowledgestateswith anunderlyingskill theory Finally, a
proceduras describedo determinea skill functionusingcoveringsin partialorderswhich is appliedto
setA of the ColouredProgressie MatricestestRaven (1965).
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1 Introduction and notation

Supposeave aregivenasetof problemsQ. Themoreskills onehasto solvetheproblemsthemoreproblems
onewill solve. This simpleideais atthe basisof all commontheoriesof ability tests.Apartfrom thisidea,
the theoriesdiverge in their assumptionsbout”latent traits” or "ability parameters’dr otherconstructs
that"represent'the dataasgoodaspossible.

A moredirectconnectiorbetweertheoryanddatais thetheoryof knowledgespacesiescribedn Falmagne
etal. (1990): A knowledgestructue K = (@, K') consistsof a nonemptyfinite set@ of problems,and
a collection K of subsetof @ (the knowledgestates which includes® and@. A knowledgestructure
describeshesetsof problemswhich subjectsaarecapableof solving. If K is closedunderunion,it is called
aknowledgespace

An evenmoredirectconnectiorbetweertheoryanddatawould bethattheresearcheformulateshe skills
asubjectneedsn orderto be ableto solve a problemin Q. Alternatively, givenasetsS of skills, anexpert
could indicatefor eachsubsetX of S which problemscan be solved with the skills in X. With such
a theoreticalframe (we later on call a skill function, resp. a problemfunction)it is straightforwardto

*Theorderingof authorsis alphabeticalandequalauthorshigs implied.



computeall possibleknowledgestates.In Falmagneet al. (1990),p.208,it is aiguedthatthereis a link
betweerthetheoryof knowledgespacesandaskill basedheory andthey askfor adescriptionof this link.
The simpleskill functionin Tah 1 indicatesthatclosureunderunion may be too stronga condition: The
tableimplies that subjectscansolve nothing,or problem1, or problem2, or all 3 problems.Clearly, the

Table 1: A simpleskill function

Problem| Necessargkills
1 A

2 B

3 bothA andB

resultingcollectionof subset®f @ is not a knowledgespacepecausét is not closedunderunion: There
is noway a subjectcansolve exactly problemsl and?2.

In this article we explore the structureghat canbe built usingskill and problemfunctions,andhow em-
pirical datacanbe usedto explore anunderlyingskill or problemfunction. In contrastto Falmagneet al.

(1990),we shallnotrequirethatthe family of knowledgestatesunderconsideratioris closedunderunion.
Thus, our structuresaremoregeneral. The price to be paid is that we no longerhave the nice structural
propertiesof knowledgespaces:Being finite join semilatticestheseare alwaysgeneratedy their join

irreducibleelements.Thus,the alternatve descriptionggivenin Falmagneet al. (1990)- e.g. assurmise
systems arenolongerpossible.

Our notationis asfollows: A reflexive andtransitive relationR on a setM is a quasioder. If suchR is
in additionantisymmetricjt is calleda partial order, andthe structure{M, R) a partially orderedset. A
partial orderis usuallydenotedby <. For z,y € M, we set[y, z] o {ze M :y<z<uz} and
(2] Lt {zeM:z<z}If PC M,andz € M,wewrite P < zify<azforallye P.Forp,q € M,
we saythatp coversq if qis aminimal elementoftheset{r € M : p < r}. More generallywe saythatq
coversT C M if gisaminimalelemenof {p € M : T < p}. A chain, resp.antichainis asetof pairwise

comparableresp.incomparablelementof M.

If (L,<p) and(M,<ys) arepartially orderedsets,then M is calleda retract of Z, if thereare order
preservingnapsf : L — M andg : M — L suchthat f is onto,g isone- one,andgo f : M — M is
theidentity on M.

For arealnumberz, 2] denoteghesmallestintegerabove z, and,for anaturalnumberm, m div 2 is the
largestinteger < Z. Thefactthatamappingis surjectie s indicatedby the — arrow.

For conceptsand notationnot definedhere,in particularfor latticesandrelatedstructuresthe readeris
invitedto consultGratzer(1978)or Birkhoff (1967).

2 SKill functions, problem functions and knowledge structures

Throughoutlet @) beafixedfinite nonemptysetof problemsand.S beafixedfinite nonemptysetof skills.



A functiony : @ — 22° is called a skill function if v(¢) is a nonemptysetof nonempty pairwise
incomparablesubsetof S for eachg € (. This coincideswith the definition givenin Falmagneet al.
(1990)andthe skill multiassignmenti Doignon(????)L.

Table 2: Raven’sskill theoryof CPM setA

Problem Skills

{{B}}
{{B}}
{{B}H
{{B}}
{{B}}
{{B,0}}
{{B,G}}
{{B,G}}
{{B,1,0}}
{{B,1,0}}
{{B,1,2,G}}
{{B,1,2,0,C}}
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B: Basicskills andsimple,continouspatterncompletion

1: Basicskills andsimple,continougpatterncompletionwith changan 1 dimension
2: Basicskills andsimple,continouspatterncompletionwith changen 2 dimensions
O: Orientationof the missingpart

G: Gestaltformationandcompletion

C: Correlatecreation

Intuitively, the elementsof v(¢) — which arecalledcompetencies1 Falmagneet al. (1990)— areexactly
thosesetsof skills which areminimally sufficientto solve problemg; in otherwords,eachX € v(q) isa
setof skills sufficientto solve ¢, while eachpropersubsebf X is not. If v(¢) containsonly oneelement
X, theresearchestatesthat eachstratgy to solve problemq mustcontainthe skills which arespecified
by X. If v(q) containsp > 1 subsetf S, therearep essentiallydifferentstrat@iesto solve problemg.

Tah 2 shovs anexampleof anexplicit theoryexpressedn termsof a skill function (Raven (1965)).

The skill function connectsthe theory of the researcheaboutthe assumption®f the problemsolving
processo obsenable data. Given a skill function+, thereare combinationsof problemswhich should
not be obsered empirically; thus,+ putsconstrainton the obsenablesubsetof Q. For example,given
theskill functionof Raven’s setA, we shouldnot obsere ary propernonemptysubsebf the solutionset
A = {1,2,3,4,5},; neithershouldthe union of the obserablesets{1,...,8} and{1,...,5,7,8,11} be
obsenable. Tah 3 shaws all possiblevalid combinationsof solved problemsif the skill theoryin Tah 2
holds.Onecanobsene thatproblemsi, . . ., 5 areequivalentin the sensdhatthey cannotbe separatedyy
aknowledgestate.ln Falmagneetal. (1990),anequialencerelationd on @ is introducedwhichidentifies
p,q € @, if they arein the samestates.The resultingclassesare callednotions In Raven’s skill theory
therearethe notions
{1,...,5},{6},{7,8},{9,10},{11},{12}.

1We shouldlike to thankoneof therefereedor bringing Doignon’sarticleto our attention.




Nothing is lost in respectto the structureof K if one considersthe quotientset@/6. In Doignon &
Falmagng(1985),notionsareintroducedin orderto turn a certainquasiordeiinto a partial order(namely
theonedefinedjustbefore2.2) which somevhatsimplifiesmattersvhenoneconsiderknowledgespaces.

Table 3: Valid statesof setA givenRaven's skill theory

State Problems
0
{1,2,3,4,5}
{1,2,3,4,5,6}
{1,2,3,4,5,7,8}
{1,2,3,4,5,6,7,8}
{1,2,3,4,5,6,9,10}
{1,2,3,4,5,6,7,8,9,10}
{1,2,3,4,5,7,8,11}
{1,2,3,4,5,6,7,8,9,10,11}
{1,2,3,4,5,6,9,10,12}
{1,2,3,4,5,6,7,8,9,10,11,12}
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Following Falmagneetal. (1990),we call asubsetd of ) a~y - knowledgestate if thereis someX C S
suchthat A is exactly the setof problemsfor which a memberof ~(q) is a subsetof X. This inducesa
functionG(y) : 2° — 29 definedby

G(v)(X) = {q € Q : ThereissomeA € v(q) with A C X},

whoserangeare exactly the y - knowledgestates.G(v) calculatesor eachX C S thesetof problems
which canbesolvedwith theskills in X.

Lemma2.l. Lety: Q — 22° beaskil function. Then,thefunctionG(y) asdefinedaboveis monotone
with respecto C. Furthermoe, G(v)(#) = h andG(v)(S) = Q.

Proof. LetX C Y C S, andq € G(y)(X). Then,thereis someT" € v(q) suchthat7 C X C Y, and
thusg € G(7)(Y).

Therestfollowsimmediatelyfrom the definitionof G (). O

ThefunctionG() above is aninstanceof anotherstratgy: We mightaskanexpertto determinefor each
X C S thesetof problemswhich canbe solvedwith the skills of X. To characterizeheinducedfunction
J : 2% — 29 we statethe propertiesvhich § shouldhave:

1. It isreasonabléo assumehatby aquiringmoreskills, anindividualis ableto solve atleastthe same
problemsasbefore.Thus,d shouldbe monotonewith respecto C.

2. It is alsoreasonable¢hat () = @, andthaté(S) = @, sothatsolving a problemin Q needsat
leastoneskill from S, andthatthe skills in S aresufficient to solve ary problemin Q. If the latter
conditionis notfulfilled, thenthe problemsarenot adequatdor theskills in S, i.e. we areposinga
problemq for which thereis no skill at handwith which q canbe solved.



Consequentlywe call § : 2° — 29 aproblemfunctionif

1.5(0)=0
2.6(8)=Q

3. d is monotonewith respecto C.

We do not requirethata problemfunctiond be ahomomorphisnwith respecto U sincethe combination
of setsof skills X andY mayenableanindividualto solve additionalproblemswhich arenotin the union
of §(X) andd(Y). This seemsa reasonablesssumption:Supposehat ) = {¢}, andthat ¢ is a task
that canbe solved by the skills a andb, but not by a or b alone. Then,§({a}) = §({b}) = 0, whereas

3({a,b}) = Q-

A problemfunction/ is saidto sepaate pointsif for all p, ¢ € @, p # q, thereis someX C S suchthat
|0(X) N {p,q}| = 1.6 inducesaquasiorder on@ by

p<q &5 (VX C8)(g € d(X) = ped(X).

Intuitively, p < ¢ if solvingg impliessolvingp. Thefollowing is easyto check:

Proposition 2.2. Letd : 25 — 29 bea problemfunction. Then,é sepaatespointsif and only if < is
antisymmetric. O

Pointseparatingroblemfunctionsareusefulwhenonewantsto groupproblemswhich testthe sameskills
(cf. thenotionsmentionedabore).

Any skill functioninducesa problemfunctionusingtheassigment; : y — G(v) above. The next result
shavsthatthesetwo conceptsre,in fact, equivalent:

Proposition 2.3. LetP bethesetof all problemfunctions,andS the setof all skill functionswith respect
to SandQ. Then,theassignment; definedaboveis bijectivebetweers andP.

Proof. 1. Gisinjective: Letyg, v1 : Q@ — 22° pe skill functionssuchthat~y, # ~;. Then,there
is someq € @ suchthatvo(q) # ~1(¢q). Supposewithout lossof generalitythat X € ~q(q) \ 71 ().
SinceX € vo(q), wehave ¢ € G(v0)(X). If ¢ ¢ G(71)(X), we aredone. Otherwise thereis some
Y € y1(q) with Y C X, andclearlyg € G(v)(Y). If ¢ € G(40)(Y), thenthereis someZ € v (q) with
Z CY. SinceY C X, andtheelementf vo(¢) arepairwiseincomparablethis cannothappen.Hence,
G(m)(Y) # G(v)(Y), andtherefore (5 is one-one.

2. Gissurjectve: Fix somed € P. Forq € @, let

E() ¥ (X CS:qed(X)},

anddefiney : Q — 22° by

v(q) ¥ {X C S X isminimalin £(q)}.

We aregoingto show thaty € S, andG(y) = 4.

Supposehatg € Q. Sinceq € §(S) = Q, E(q) # 0, andsinced(d) = @, wehave § ¢ E(q). It
followsthat+(q) is notemptyandcontainsonly nonemptysets. Sinceeachof theseis minimalin E(q),
theelementf v(¢) arepairwiseincomparable.



Let X C S. Then,G(y)(X) = d(X):

"C" Letq € G(v)(X); then,thereis someY € v(q) with Y C X. By definitionof v(¢q), Y € E(q), and
henceg € §(Y). Sinced is monotoneandY” C X, it followsthatg € §(X).

"D" Letq € §(X). Then, X € FE(q). SupposehatY C X is minimalin F(q) andg € Y. Then,
Y € v(q), andby definitionof G() andY C X wehaveq € G(v)(X). O

Oneconsequencef this theoremis that therearetwo equialenttheoreticalformulationsof knowledge
structuresconnectedo skills: One basedon a skill function, the other one on its associategroblem
function. Let uscall atriple (@, S, d) a skill - knowledgestructue, whered : 25 — 29 is a problem
function.

It wasaskedn Falmagneetal. (1990),p. 208,underwhich conditionsthe setof all y-knowledgestateds
aknowledgespace We cangive a sufficient conditionin termsof §:

Proposition 24. Lety : Q — 22° bea skill function,ands its associategroblemfunction.If § preserves
union,thenK = ran(4) is a knowledgespace

Proof. Supposéhatd preseresy, andlet A, B € K, A = 4§(X), B =4(Y). Then,

AUB=4§(X)Ud(Y)=40(XUY) e K.

Thecondition,however, is not necessaryasthefollowing exampleshaws:
Let@ ={p,q,7}, S={1,2,3},and

v(g) = {{1,3},{2,3}},7(p) = {{1}},7(r) = {{2}}.
Then,K = {0, {1},{2},{1,2}, Q} is aknowledgespaceput

{p,r}=46({1,2}) US({3}) #d({1,2,3}) = Q.

3 Constructing skill and problem functions

Let (@, K') beaknowledgestructure.Is it possibleto find anabstractetof skills anda problemfunction
d suchthat K = ran(d)? The answeris: Definitely Yes! In this sectionwe shall describetwo stratgies
for finding sucha setof skills, onebasedn antichainsthe otherbeinga morerefinedconstruction.

Let(Q, K') beaknowledgestructure.To facilitate notation,we call A € K proper, if A # §§, @, andset
K+ K\ {0,0Q}.



3.1 Antichain based problem functions

Our first constructiorshavs thatary knowledgestructurecanbe realisedasa skill - knowledgestructure
via pairwiseincomparablesetsof skills. Thisleadsto an upperboundof the numberof skills neededor a
problemfunctiond : 2° — K to exist.

Construct 1. If K hasjusttwo elementsye canchooseary setS with just oneelement.Otherwise Jet
B = 29 be aBooleansetalgebrawith anantichainM of sizem = |K*|,say M = {m4 : A € K*}.
Now, defined : 2% — K by

Q, ifmy C X forsomed e K+,
IX)=< A, if X =my,
@, otherwise.

Clearly, 4 is onto,andwe alsohave (S) = @, d() = 0.

To show thatd preseresC, let X C Y C S. Wecanassumahatf) # X D Y C S. Thefirst condition
tellsusthatm, C X for someA € K \ {#,Q}, andfrom X C Y weinfer thaté(Y) = Q. Thus,
3(X) Cé(Y).

Thus,we have shavn

Theorem 3.1. 2 Let (Q, K') be a knowledgestructue. Then,there is a setS and a problemfunction

§: 25 — 29 sudh thatran(d) = K.

If, in theconstructiorabove, thechoserantichainM is the setof atomsof 2°, thenwe call § theindicator
problemfunction

Example: Let
Q - {1)2)3}5 S - {aﬁbﬂc) d})

K ={0,{1},{2},{1,3},{2,3},Q}.

Applying theindicatorproblemfunctionwe obtain

sy = 0,

§({a}) = {1},

s({p}) = {2}

6({c}) = {1,3}
é({d}) = {2,3}

d(X) = @, otherwise.

Theassociatedkill functionis givenby

(1) = {{a},{c}, {b,d}},
{{e},{d}, {a, e}},
73) = {{c}{d} {a,b}},

2A similar resultwasindependentlybtainedn Doignon(??2??)
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Obserethaty(q) hasmorethanoneelemenfor eachy € @), andthateachskill solvesatleastoneproblem.

It is instructive to consideranotherskill functionwhich realizesthe samesetof statesandwhich showvs
thatthe usingtheindicatorproblemfunctiondoesnot necessarilproducethe leastnumberof skills:

LetS = {a,b, c},andy givenby

(1) = {{a}},
v(2) = {{b}},
v3) = {{a,c}, {b, ¢}, {a,b}}.

Thecorresponding is inducedby

i({a}) = {1},
i({e}) = {2}
§({c}) = 0,
6({a,b}) = @Q,
i({a,c}) = {1,3},
5({bc}) = {2,3}.

Thefactthatskill ¢ by itself doesnot solve ary problemis reflectedby d({c}) = 0.

In Falmagneetal. (1990),p. 208, it is statedthat”An interpretationof a knowledgespacein termsof a
structue of underlyingskillsis sometimepossible”. Theresultabore shavsthatthisis in principlealways
possible gvenfor structuresnoregenerathanknowledgespaces.

3.2 A bound for the number of skills

The precedingexample shows that a knowledgestructure{ K, Q) canbe madeinto a skill - knowledge
structurein differentways. The questionariseshow mary skills are neededor a problemfunctiond :
2° — K toexist. Clearly, |S| > loga(|K|), andlogs (| K|) skills suffice, in caseK is a Booleanalgebra.
Thenext resultshavs thatno matterwhat K lookslike, we never needmuchmorethanlog, (| K *1) skills.

We shallprove onepreliminaryLemma:

! " logs (1 "
092 n div 2 T logz | log, n div 2 >n

Proof. Inspectionshavs thatthe statements truefor n=5. Supposst is truefor n=k. If k is odd,then

k+1 ., k
(k+1)div2) ~ " \kdiv2)’

Lemma3.2. If n > 5,



andoneline impliesthe next:

V
ks

k
log (k div 2) +logs

k k
log?(k div 2)““092 <log2 <k div z)) > k+1,
k41 k
! logs 1 k41
ng((k+1) div 2) + Og2<°g2 <k div 2)) > ktd
k+1 k+1
log?((k+ 1) div 2) +logs <1°g2 ((k+ 1) div z>> > k+1

Now, supposehatk = 2 - m. First,obsene that

(i) = () =5 )

kE+1
logs e logs | ——
m +1

Usingthis andthefact that
kE+1 k
[logg (m—-}—l)] -(2m+1) > logs <m>’

it is straightforwardif somevhattediousto show that

kE+1 kE+1 k k
log2< + ) + logs (logg< + )) > log2< ) + logs <log2< )) +1
m m m m

> k41,

andthus

3| =
_|_
—
~—
_|_
S
=
TN
3 =
N

which provestheassertion. O

Proposition 3.3. Let{Q@, K} bea knowledgestructue with |K+| = m > 6. Then,there are a setSwith
|S] < [loga(m) + logs(logs(m))] anda problemfunctiond : 2° — K.

n

Proof Letn bethesmallesmumberwith (7 ,) > m. Theconstructiorof 1 shavs thatary setS with
|S| = n will give riseto the desiredproblemfunctionif we usesetsA C S with [A| = (,, ;) to be
mappedo the properstatessincethe setsof this form areanantichainof size> m.

If (, ;i ,) = m, theclaimfollowsimmediatelyfrom 3.2. Otherwise,
n— 1 < < n
m
(n—1) div 2 ndiv2)’

loga(m) + loga(loga(m)) + 1 >
log2 ((n—q)_éw 2) + lOgg (lOgg ((n— ;iv 2)) + 1 > n

whencetheclaim follows. O

and,againby 3.2,

1

Let K+ beanantichainof sizem, andé : 2° — K aproblemfunction. Then,2° musthave anantichain
of sizem. UsingSperners Lemma (seeGréatzer(1978),p. 188),it is straightforwardo show thatfor ary

finite BooleanalgebraB with n atoms,B hasanantichainof sizem if andonlyif (7 .) > m. If e.q.

m = 21, thenthesmallestsuchn is 7, andit is easilycheckedhat[logs (21) 4 loga(log2(21))] = 7.

3We shouldlike to thankoneof therefereedor remindingus of SpernersLemma



3.3 Theorder structure of statesand competencies

The precedingsectionshaws thatary knowledgestructurecanbe obtainedby associatingts stateswith
incomparablesubsetsf an abstractskill set. The practicalvalue of this procedure however, is rather
limited for two reasons:

1. Although the stateidentifying mappingcan be formulatedparsimoniouslyin termsof the number
of abstractskills, it is not economicin the numberof differentstratgies or competencieso solve
a problem. Sincethe minimizationof disjunctive termswithin atheorywill be advantageouso the
researcheit would be helpful to have a constructionwhich minimizesthe numberof strateies.

2. Themethodof Constructiorl doesnot reflectary relationshipamongthe states.

Thesetwo points are, indeed,related: Let (@), K') be a knowledgestructure,andq € (. Following
Falmagneetal. (1990),wecall A € K aclausefor g, if Aisaminimalelemenbftheset{B € K : q € B}.
Theclausesnducea mappingy : Q — 227 by letting n(¢) bethesetof clausedor ¢, whichin Falmagne
etal. (1990)is calleda surmisemapping Differentclausedor ¢ will requiredifferentstrategjiesfor solving
q, which areincomparablewith respectto C. This givesus a lower boundfor the requirednumberof
stratgjies: Wheneery : Q — 22° isaskill function,then|y(q)| > |n(q)l.

If K isaknowledgespacethenit canberecoseredfrom 7, sincein alattice, every elements thejoin of
irreducibleelements Furthermorean underlyingskill structurecanbe foundin which the orderstructure
of theclausecompletelyreflectsthe orderstructureof the competencies:

Proposition 3.4. Let(@, K) be a knowledgespace and 5 its surmisefunction. Then,regarding Q asa
setof skills (i.e. identifyingead problemq with a uniqueskill which solvesy), n is a skill function,and, if
§ 1 29 — 29 s its associategroblemfunction,thend is a retractiononto K.

Proof. Clearly, theelement®f 5(q) arepairwiseincomparablenonemptysubset®f Q. It remainsto shav
thatran(é) C K, andthaté | K = idk:

"C" LetX C Q. If X € {0,Q}, thereis nothingto shav. Otherwise,

5(X) = {1 €Q: (34 € n(@)(4 C X)),

If ¢ € 5(X), A € n(q), AC X, andp € A, thenthereis aclauseB for p with B C A C X. Hence,
p € §(X), andthus,§(X) is the union of all clausesfor ¢ belov X. Since K is closedunderunion,
I(X) e K.

Let A € K,andw.l.o.g. A # §,Q. Then,

geAe— (3B en(q)(BCA) = aci(A),
which shavsthatd is aretraction. O
This answersa questionin Falmagneetal. (1990),p. 208.

It is no accidenthatin the precedingProposition,K wasajoin semilattice.Indeedthe next resultshows,
thatthisis necessaryandsuficient) for K to bearetractof 2°, andthusfor the orderstructureof K to be
reflectedn 2°:

10



Proposition 3.5. Let{M, <) beapartially orderedset. Then there are somesetS andan order retraction
f:2°% — M if andonlyif (M, <) is a lattice.

Proof. First, notethatit is enoughto prove theclaimfor semilatticessinceafinite semilatticeis, in fact,a
lattice, cf. Birkhoff (1967).

"' Let f:2° - M bearetraction;we cansupposev.l.o.g.that M C 2°, andthatf | M = idy;. For
a,be M,letavb® f(aUb). Sincea,b C aUb, wehave

a=f(a) C flaub) =aVb,

andasimilar statemenholdsfor b. If c € M, a,b C ¢, thena U b C ¢, andhence,
aVb= f(aUb) C f(c) =c.

Hence (M, <) is ajoin semilattice.

"«<". Supposehat M is ajoin semilatticewith smallestelement) andlargestelementl, andsetsS def
M \ {0}. Then,themappingg : M — 29, definedby

z = (z]\ {0}
is anorderpreservingembeddingvith ¢(0) = # andg(1) = S. Definef : 2° — M by
A \/{me M :g(m) C A}.
If AC BCJS,then
F(A)=\/{m e M :g(m) C A} <\/{m € M : g(m) C B} = f(B),
andthus, f preseresorder Furthermorefor z € M,
fla(x)) = \/{m € M : g(m) C g(x)} = z,

sinceg is anembeddinglt follows, that M is aretractof 2°. O

Oursecondconstructioraimsto refinetheindicatorproblemfunctionin the sensehatit takesinto account
apossiblenon- latticestructureof K, andallows nonsingletonsubset®f S to bemappedo properstates:

Congtruct 2. DefinearelationM C @ x 2K by setting(q, { Ao, ..., Ax}) € M iff

1. k=0,andq € Ag, or
2. @ k>0,
(b) ThesetsA; arepairwiseincomparablavith respecto C, and( J{4; : i < k} ¢ K,

(c) ThereexistssomeA € K suchthat
i) Aisacoverof {A; : i< k},
iyge A— {4 i<k}

11



SuchanA will be calleda witnessfor (¢, {Aqg, ..., Ax}) € M. Obsere thatfor a knowledgespacek,

the secondconditionwill never arise. Indeed,this conditionis to ensure that the combinationof skills

neededo solve theproblemsin Ay U ... U A; enableghesubjectto solve ¢: Sincetheunionof thestates
Aq, ..., Ar is notastate,if asubjectis ableto solve all problemsin Ay, ..., Ag, heor shewill beableto

solve additionalproblems.

Our setS of skills will consistof elementdabeledwith the nonemptyknowledgestatessothatfor each
suchstatethereis exactly oneskill: SetS = {s4 : A € K, A # @}, and,for eachq € @Q, set
M(q) ={T C K : (q,T) € M}. M(q) isjusttherangeof ¢ in therelation /.

Thenext stepis to usetheelementf eachl” € M (q) aslabelsandthenbuild v(¢) from theresultingsets
of skills: For eachl” € M(q) let

D(q, T)={sp:BeT}CS.
Obserethat D(q, T') is independentf ¢ in thesensehat,if T € M (p),thenD(p,T) = D(q,T).

Finally, set

¥(¢) = {X C S : X is minimal in{D(q,T) : T € M(q)}}.
Thenext resultshovsthaty provides({@, K} with the desiredskill structure:
Proposition 3.6. 1. ~ is a skill function.

2. Letd betheproblemfunctioncorrespondingo v. Then,ran(d) = K.

Proof. 1. Thisfollowsimmediatelyfrom the definitionof ~.

2. Recallthatfor eachX C S,

§(X) E {geQ: (Y ()Y CX)},

andhence,
6(X)={9€@Q:(3D(q,T) € v(9))(D(g,T) C X)}.

Clearly; it sufficesto look at nonemptysubsetsof S. Supposewe have shavn that for ary nonempty
XCS,

(3.1) I(X) = U{A €EK:sp€eX}tU U{A € K : A witnessesomeD(p,T) C X}.

Then,we canprove the claim asfollows:

"C" LetX C S benonemptyand

7 {AeK:sp e X} U{A€ K : A witnessesomeD(p,T) C X},
sothatd(X) = |J(T) by (3.1).

Assumethatd(X) ¢ K. Let B beminimalin {C' € K : §(X) C C},andp € B — §(X). Then, B
coversT, andp ¢ |JT by (3.1). It followsthat(p,7) € M, andhencethereis someY &€ ~(p) with
Y C D(p,T) C X. Hencep € §(X) - acontradiction.
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"D" LetA € K, A # (), andsetX o {sa}. Then, X € v(q) forall ¢ € A, andthusA C §(X).

Corverselyletq € §(X); then{sa} € v(q), andthereexistssomeT € M (q) suchthat D(q,T) = {sa}.
Since D(q,T) is a singleton,T is a singleton,and, by definitionof D(q,T), wehave T = A. Hence,
q €A

It remainsto shaw (*):

"C" Letp € §(X). Then,thereis someD(p,T) € v(p) suchthatD(p, T) C X. NotethatT € M(p)
and(p,T) € M. If T = {A} for someA € K, thensy € X, andp € A by the definition of M.
Otherwise supposeahatT = {Ag, A1, ..., Ax}. Let A € K beawitnessfor (p,7) € M, andq € A.
We needto show thatq € d(X): If ¢ € A; for somei < k, thensy, € D(p,T), andthusq € 4(X).
Otherwise (¢, T") € M, andconsequenthyD(p, T') = D(q,T) C X, whichshavsq € §(z).

"D" Letq e A€ Kandsy € X. Then,{sa} € v(q), andhenceg € §(X). Next, let A € K bea

witnessfor D(p,T) C X andT = {Ag, A1, ..., A }. If ¢ € A; for somei < k,thensa, € D(p,T) C X
impliesthatq € §(X). Otherwise (¢, T) € M andhenceD(q,T) C X, showsq € §(X). O

Examples:

1.Q=1{1,2,3,4}, K = {0,{1},{2},{1,2,3},{1,2,4}, Q}. Wefirst determinghe setsM (q):

M) = {{1},{1,2,3},{1,2,4}},
M2) = {{2},{1,2,3},{1,2,4}},
M@3) = {1,235 {11 {2}}},
M) = {1,241 {{1}1,{2}}}.

Leta = sq13, b= ${2}, C = 5{1,2,3} d= 5{1,2,4}- Then,

(1) = {{a},{c} {d}},
7(2) {{o} {e}, {d}},
73) = {{e} {a,b}},
v = {{d},{a,b}}.

2. Q = {];Q;B}a K= {Q; {]};{Q}a{]aB}a{QaS}aQ}' M(q) is foundto be

{13, {1,311},
M2) = {{2},{2,3}},
M@3) = {{1,2},{2,3}, {{1},{2}}}.

Notethat(3, {{1}, {2}}) € M is witnessedy Q.

E
=

=
I

Leta = sq1}, b = sq91, ¢ = 8413}, d = s{2.3}. Then,

(1) = {{a}{c}},
7(2) = {{b}{c}},
73) = {{c} {d} {a,b}}.
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Table 4: Empiricaldensityof thetheoreticaketA states

State Problems n(pretest)| n(posttest)

1 ] 0 0

2 {1,2,3,4,5} 0 0

3 {1,2,3,4,5,6} 2 1

4 {1,2,3,4,5,7,8} 2 0

5 {1,2,3,4,5,6,7,8} 4 2

6 {1,2,3,4,5,6,9,10} 0 4

7 {1,2,3,4,5,6,7,8,9,10} 45 29

8 {1,2,3,4,5,7,8,11} 0 0

9 {1,2,3,4,5,6,7,8,9,10,11} 28 40

10 {1,2,3,4,5,6,9,10, 12} 1 1

11 {1,2,3,4,5,6,7,8,9,10,11, 12} 24 79
numberof hits usingall stategbaseN=241): | 106 156

In the constructiorof thegenericskill setsabore, we startedby assigninga setof skills to eachknowledge
statedifferentfrom §§ andQ, andthesewerein factall theskills. This seemgeasonablasa startingpoint:

If a particularstateis presentijt is safeto supposehatthereis somesetof skills which solvesexactly the
problemsin that state. Yet, this assignmentmay be too crude,andlater one may wantto split up these
“initial” skills into setsof morerefinedskills. Givena knowledgestructure{@, K), it may beworthwhile
to look atthe setof all skill - knowledgestructureg S, @, ) with ran § = K. Thereis anaturalorderon
the setof thesestructuresby setting(So, @, do) < (S1, @, d1) iff thereis anontomappingf : S; — Sq,

andfor eachX C S; wehave o (0[X]) C d;(X). In this note,we shallnot pursuethis further.

4 Anillustrative example

4.1 Thedata set

The datausedwereorginally publishedby Wied| & Bethge(1983). They usedthe ColouredProgressie
Matricestest(Raven (1965))andappliedthis testtwice. The pretestwaspresentedisingthe standardest
frame. The presentatiorof the posttestwas modified using a dynamicversionof the CPM (Carlson&

Wiedl (1992)). The subjectsvereforcedto think aloudduring the problemsolving processandthey had
to give a reasorfor the choicedreactioncateyory. Therewasno reinforcement.The sampleconsistecof
241 children,andtheagerangewasbetweerB.4and9.3years.

4.2 Description of the method

Applying discretemodelsto empiricaldatafacesa problem:Empirical deviationsfrom the predictedstate
canbe a consequencef wrong modelassumptionsr a consequencef a probabilisticmechanism Sub-
jects may solve someproblemsby chancealthoughthey do not have the skills to solve theseproblems
("false alarm”), or subjectamissa correctsolutionof a problemalthoughthey have the skills to solve that
problem.

In thesequelwe assumehatbothp[misses] andp[false alarm] arevery small. In this casetheobsened
empirical frequenciegeflectthe theoreticalstructure. If both probabilitiesare substantialwe requirea
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probabilisticmodel,but, upto now, only primarystepstowardssucha probabilisticmodelhave beentaken
(Falmagng???7?a)).

Basedon this rather crudeassumptionwe can directly measurethe succesf a given theory of skills
comparingthe subjectghatarecorrectlyclassifiedwith the numberof all subjects.

If thereis the possibilityto cross-alidatea givenmodel,we cansearchor a collectionof statesusingthe

sortedempiricalfrequencie®f obsened (possible)statesn sampleA andcollectthe mostfrequentstates
until a satisfactoryresultis obtained.SampleB canbe usedto validatethe constructesetof statesUsing

theconstructedsetof possiblestatesk, weuseK’ = K U {@, @} to constructatheoreticakkill function.

The obsenred statesand/orthe constructedkills canbe usedto updatean unsuccessfuheory

4.3 Results

Tah 4 shaws the predictedstatesandtheir empirical frequenciesusing Raven’s skill assumptions.The

numberof subjectditting thetheoryis ratherdisappointing.The problemverbalizationinstructionseems
to pushsubjectsowardsthe modelassumptionsOnemightamuethatthebadmodelrepresentatiors due

to randomfluctuationswithin the data. But Tah 5 shows thatwe needonly a few statesto representhe

dataatleastaswell andwe cando muchbetter if we usebetterconstructedtates.

Table5: Statessortedby pretestfrequencies

Construction validation
Problems| n(pretest)| cum(pre)|| n(posttest)| cum(post)
{1,2,3,4,5,6,7,8,9,10} | 45 45 29 29
{1,2,3,4,5,6,7,8,9,10,11} | 28 73 40 69
{1,2,3,4,5,6,7,8,9,10,11,12} | 24 97 79 148
{1,2,3,4,5,6,8,9,10} | 17 114 4 152

{1,2,3,4,5,6,7,8,9} | 9 4
{1,2,3,4,5,6,7,8,10,12} | 9 132 21 177
{1,2,3,4,5,6,7} | 6 1
6
6

{1,2,3,4,5,6,7,9,10} 7
{1,2,3,4,5,6,7,9,10,11} 150 5 190

To explain the dataaswell asthe skill theorydoes,we needonly 5 stateg(() included)in both datasets.
Tah 6 shows possibleskill theoriesdeducedrom thesestatesvhoseempiricalfrequenciesiregreateithan
afixedvalue.

A very simple and empirically relative successfubkill theoryis offered by the statesat Cut > 6: All
problemsneeda basicskill, problems7 and 10 bothneedanadditionalskill each,andproblemsl1and12
needthesethreeskills andsomethingextra. Problemsl1 and12 canbe solvedin two differentways.

Theinterpretatiorof theresultingskill functionis only valid in the populationof subjectsunderinvestiga-
tion. Theremight be morestateghatarenot realizedin thatpopulation(e.gthe statef)). Neverthelessthe
stateghatarerealizedmustbe a substantiapartof ary skill theory
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Table6: CPMsetA: Someskill theories

Problem Raven | C'ut > 9 Cut > 6 Cut >5
1 B a a ab
2 B a a ab
3 B a a ab
4 B a a ab
5 B a a ab
6 BO a a ab
7 BG a ab a
8 BG a a bjac
9 B10O a a bladad
10 B1O ab ac bjadace
11 B12G abc | abcdabcef adHace]adfj|bgj
12 B120C abcd| abcéabcdg| acekadfkbgk|adhil
no. of states 11 5 7 10

5 Discussion

The main aim of this paperis the characterizatiorof knowledgestructureshasedon skill functions. We
have shavn that ary knowledgestructurecan be suppliedwith an underlyingskill set.S anda problem
functions : 25 — K. Only approximatelyog (| K |)) abstracskills arerequiredto obtaina properskill

representatioof any knowledgestructure.

We presentwo constructiongo obtaina skill representationf a givenknowledgestructure:

Thefirst one, using the indicator problemfunction, is a theoreticaltool. Usingthattool it waspossible
to calculatethe lower boundof the numberof necessargkills. The secondconstructioris anexploratory
tool for obtaininga soundskill representatiomwhich might give theresearchesomehintsto build a better
theory

Up to now, thetheoryis facedwith somemoreor lesssesereproblems:

1. Thenumberof possibleskill representationis infinite, andthereforeve needa descriptionwhatthe
skill representationkok like, given a knowledgestructure(@, K') (seethe remarksat the end of
Section3).

2. Thereis aproblemof handlingnoisein data.Only if we have amodelin whichtherearemechanisms
to describeheresultsof the problemsolvingbehaiour of asubjectv whichis in stateA andtriesto
solveaproblemg ¢ A, canwe safelydistinguishbetweermodelerrorandrandomfluctuation.The
ideasin Falmagng(????bpf probabilisticversionsof knowledgespacesnay possiblybetransferred
to knowledgestructures.

3. Usingthetheorywe shallalwaysgetanempiricalresult,becaus¢he proposedtonstructionsecode
the datain anotherstructureof sets,namely that of abstractskills. The consequencis thata skill
structureconstructedvith a datasetcannever beinvalidatedusingthe dataitself. Neverthelessary
proposedskill structurecanbe evaluatedusinganempiricaldataset. Note, thate.g. the constructed
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skill structurein our illustrative examplewasvalidatedby resultsof a seconddataset. We hold the
view thatdescribingdataandtestingtheoriesaredifferentproblems.The proposedilgorithmssene
asexploratorydataanalysistools. If we wantto testtheorieswe shall needa statisticalframevork
(seeProblem2).

4. Thereexist effective algorithmsto generatea knowledge spacebasedtheory by queryingexperts
Koppen& Doignon(1990). A fourth problem,theinvestigationof whichis the scopeof Diintsch&
Gediga(1996),is to find queryprocedureso build knowledgestructures.
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