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Abstract

Supposethat
�

is a setof problemsand � is a setof skills. A skill functionassignsto eachproblem� – i.e. to eachelementof
�

– thosesetsof skills which areminimally sufficient to solve � ; a problem

functionassignsto eachset X of skills the set of problemswhich can be solved with theseskills (a
knowledgestate). We explore thenaturalpropertiesof suchfunctionsandshow thattheseconceptsare

basicallythesame.Furthermore,we show that for every family � of subsetsof Q which includesthe
emptysetand

�
, therearea set � of (abstract)skills anda problemfunction whoserangeis just � .

We alsogive a boundfor the numberof skills neededto generatea specificsetof knowledgestates,
anddiscussvariouswaysto supplya setof knowledgestateswith anunderlyingskill theory. Finally, a

procedureis describedto determinea skill functionusingcoveringsin partialorderswhich is appliedto
setA of theColouredProgressiveMatricestestRaven(1965).

Key words: knowledgestructures,ability testing,dichotomousdata,discretemodelling

1 Introduction and notation

Supposewearegivenasetof problemsQ.Themoreskills onehastosolvetheproblems,themoreproblems
onewill solve. Thissimpleideais at thebasisof all commontheoriesof ability tests.Apart from this idea,

the theoriesdiverge in their assumptionsabout”latent traits” or ”ability parameters”or otherconstructs
that”represent”thedataasgoodaspossible.

A moredirectconnectionbetweentheoryanddatais thetheoryof knowledgespacesdescribedin Falmagne
et al. (1990): A knowledgestructure ���	��

����� consistsof a nonemptyfinite set 
 of problems,and
a collection � of subsetsof 
 (the knowledgestates) which includes � and 
 . A knowledgestructure

describesthesetsof problemswhichsubjectsarecapableof solving. If � is closedunderunion,it is called
a knowledgespace.

An evenmoredirectconnectionbetweentheoryanddatawouldbethattheresearcherformulatestheskills
a subjectneedsin orderto beableto solve a problemin Q. Alternatively, givena set � of skills, anexpert

could indicatefor eachsubset� of � which problemscan be solved with the skills in � . With such
a theoreticalframe (we later on call a skill function, resp. a problemfunction) it is straightforwardto�
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computeall possibleknowledgestates.In Falmagneet al. (1990),p.208,it is arguedthat thereis a link

betweenthetheoryof knowledgespacesandaskill basedtheory, andthey askfor adescriptionof this link.
Thesimpleskill function in Tab. 1 indicatesthatclosureunderunionmaybetoo stronga condition: The
tableimplies thatsubjectscansolve nothing,or problem1, or problem2, or all 3 problems.Clearly, the

Table 1: A simpleskill function

Problem Necessaryskills

1 A
2 B

3 bothA andB

resultingcollectionof subsetsof 
 is not a knowledgespace,becauseit is not closedunderunion: There
is no waya subjectcansolveexactly problems1 and2.

In this articlewe explore thestructuresthat canbe built usingskill andproblemfunctions,andhow em-
pirical datacanbeusedto explore anunderlyingskill or problemfunction. In contrastto Falmagneet al.
(1990),we shallnot requirethatthefamily of knowledgestatesunderconsiderationis closedunderunion.
Thus,our structuresaremoregeneral.The price to be paid is thatwe no longerhave the nice structural

propertiesof knowledgespaces:Being finite join semilattices,thesearealwaysgeneratedby their join
irreducibleelements.Thus,thealternative descriptionsgiven in Falmagneet al. (1990)- e.g. assurmise
systems- areno longerpossible.

Our notationis asfollows: A reflexive andtransitive relationR on a setM is a quasiorder. If suchR is

in additionantisymmetric,it is calleda partial order, andthestructure��������� a partially orderedset. A

partial order is usuallydenotedby � . For �����! "� , we set # �$���&%('*),+�.-0/1 "� 23�!�4/1�4�65 , and7 �&% '8),+�9-0/
 :�;2</=�>�?5 If @BAC� , and �D E� , we write @F�>� if �G�>� for all �= E@ . For HI��JK L� ,

we saythatp coversq if q is aminimal elementof theset -NMO P�Q2RHGSTMU5 . Moregenerally, we saythatq
coversT A M if q is a minimal elementof -�HG P�Q2WVX�EH?5 . A chain , resp.antichain is asetof pairwise
comparable,resp.incomparableelementsof � .

If ��YZ�8�Z[I� and �����*�Z\P� are partially orderedsets,then � is calleda retract of Y , if thereare order

preservingmaps]^2<Y`_a� and bL2<�c_aY suchthat ] is onto, b is one- one,and bOde]:2<�._a� is
theidentityon M.

For a realnumber� , fg�<h denotesthesmallestintegerabove � , and,for anaturalnumberi , i"jlkgm�n is the
largestinteger �po q . Thefact thatamappingis surjective is indicatedby the r arrow.

For conceptsandnotationnot definedhere,in particularfor latticesandrelatedstructures,the readeris

invited to consultGrätzer(1978)or Birkhoff (1967).

2 Skill functions, problem functions and knowledge structures

Throughout,let 
 bea fixedfinite nonemptysetof problemsand � bea fixedfinite nonemptysetof skills.
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A function st2(
u_ n q�v is called a skill function, if s 7 J0w is a nonemptyset of nonempty, pairwise
incomparablesubsetsof S for each Jx y
 . This coincideswith the definition given in Falmagneet al.
(1990)andtheskill multiassignmentsin Doignon(????)1.

Table 2: Raven’sskill theoryof CPMsetA

Problem Skills

1 -U-NzK5U5
2 -U-NzK5U5
3 -U-NzK5U5
4 -U-NzK5U5
5 -U-NzK5U5
6 -U-Nz
��{K5W5
7 -U-Nz
��|K5W5
8 -U-Nz
��|K5W5
9 -U-Nz
�~}W��{K5W5
10 -U-Nz
�~}W��{K5W5
11 -U-Nz
�~}W��n<��|K5W5
12 -U-Nz
�~}W��n<��{
���K505

B: Basicskills andsimple,continouspatterncompletion
1: Basicskills andsimple,continouspatterncompletionwith changein 1 dimension
2: Basicskills andsimple,continouspatterncompletionwith changein 2 dimensions

O: Orientationof themissingpart
G: Gestaltformationandcompletion
C: Correlatecreation

Intuitively, theelementsof s 7 J0w – which arecalledcompetenciesin Falmagneet al. (1990)– areexactly
thosesetsof skills which areminimally sufficient to solve problem J ; in otherwords,each�� :s 7 J0w is a
setof skills sufficient to solve J , while eachpropersubsetof � is not. If s 7 J0w containsonly oneelement� , the researcherstatesthateachstrategy to solve problem J mustcontainthe skills which arespecified
by � . If s 7 J0w containsH^�F} subsetsof S, thereare H essentiallydifferentstrategiesto solve problem J .
Tab. 2 shows anexampleof anexplicit theoryexpressedin termsof a skill function(Raven(1965)).

The skill function connectsthe theory of the researcheraboutthe assumptionsof the problemsolving

processto observabledata. Given a skill function s , therearecombinationsof problemswhich should
not beobserved empirically; thus, s putsconstraintson the observablesubsetsof Q. For example,given
theskill functionof Raven’s setA, we shouldnot observe any propernonemptysubsetof thesolutionset� �t-�}U��n$���$�������l5 ; neithershouldtheunionof the observablesets -�}U�R�~�R�����&5 and -�}U�R�~�R�����$���$���$�R}U}05 be

observable. Tab. 3 shows all possiblevalid combinationsof solvedproblemsif theskill theoryin Tab. 2
holds.Onecanobserve thatproblems}U�R�~�R����� areequivalentin thesensethatthey cannotbeseparatedby
aknowledgestate.In Falmagneetal. (1990),anequivalencerelation � on 
 is introducedwhich identifiesHI��JG `
 , if they arein the samestates.The resultingclassesarecallednotions. In Raven’s skill theory,
therearethenotions -l}W�~�R�~�����l5l�8-0�l5l�8-0�<���&5���-0�<�8}~�l5W�*-�}0}05l��-�}~nU5��

1We shouldlike to thankoneof therefereesfor bringingDoignon’sarticleto ourattention.
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Nothing is lost in respectto the structureof � if one considersthe quotientset 
��W� . In Doignon &

Falmagne(1985),notionsareintroducedin orderto turn a certainquasiorderinto a partialorder(namely,
theonedefinedjustbefore2.2)which somewhatsimplifiesmatterswhenoneconsidersknowledgespaces.

Table 3: Valid statesof setA givenRaven’sskill theory

State Problems

1 �
2 -l}W��n<���<�������U5
3 -�}W��n<���<�������<���&5
4 -�}W��n<���<�������<���l���&5
5 -�}W��n<���<�������<���<���$���U5
6 -�}W��n<���<�������l���l���$�8}R�&5
7 -�}U��n$���$�������<���l���l���$���<�8}~�l5
8 -�}W��n<���<�������l���l���$�8}W}�5
9 -�}U��n$���$�������<���l���l���$���<�8}~�<�8}U}05
10 -�}W��n<���<�������l���l���$�8}R�$�8}Rn&5
11 -�}U��n$���$�������<���l���<���$���<�8}~�<�8}U}W�8}~nl5

Following Falmagneet al. (1990),we call a subset
�

of 
 a s - knowledgestate, if thereis some�9AC�
suchthat

�
is exactly the setof problemsfor which a memberof s 7 J0w is a subsetof � . This inducesa

function | 7 s�w�2WnW�
_�nU� definedby| 7 s�w 7 ��w��y-0J� �
p2 Thereis some
�  �s 7 J0w with

� A1�L5l�
whoserangeareexactly the s - knowledgestates. | 7 s�w calculatesfor each��A�� thesetof problems
which canbesolvedwith theskills in � .

Lemma 2.1. Let sE2�
y_�n q v bea skill function.Then,thefunction | 7 s�w asdefinedaboveis monotone
with respectto A . Furthermore, | 7 s�w 7 �Uw���� and | 7 s�w 7 ��w3��
 .

Proof. Let ��Ay� A¡� , and J
 `| 7 s�w 7 ��w . Then,thereis someVp ¢s 7 J0w suchthat VBA"��AC� , and

thus J� �| 7 s�w 7 �£w .
Therestfollowsimmediatelyfrom thedefinitionof | 7 s�w .
Thefunction | 7 s�w above is aninstanceof anotherstrategy: We mightaskanexpert to determinefor each�¤A!� thesetof problemswhich canbesolvedwith theskills of � . To characterizetheinducedfunction¥ 2WnW�
_9nW� we statethepropertieswhich

¥
shouldhave:

1. It is reasonableto assumethatby aquiringmoreskills, anindividualis ableto solveat leastthesame
problemsasbefore.Thus,

¥
shouldbemonotonewith respectto A .

2. It is also reasonablethat
¥ 7 �Uw
�4� , andthat

¥ 7 ��wG�4
 , so that solving a problemin Q needsat
leastoneskill from S, andthat theskills in S aresufficient to solve any problemin Q. If the latter
conditionis not fulfilled, thentheproblemsarenot adequatefor theskills in S, i.e. we areposinga

problemq for which thereis no skill at handwith which q canbesolved.
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Consequently, we call
¥ 2WnW�
_9nW� a problemfunctionif

1.
¥ 7 �Ww����

2.
¥ 7 ��w���


3.
¥

is monotonewith respectto A .

We do not requirethata problemfunction
¥

bea homomorphismwith respectto ¦ sincethecombination
of setsof skills X andY mayenableanindividual to solve additionalproblemswhich arenot in theunion
of
¥ 7 ��w and

¥ 7 �
w . This seemsa reasonableassumption:Supposethat 
��9-NJU5 , and that J is a task
that canbe solved by the skills § and ¨ , but not by § or ¨ alone. Then,

¥ 7 -0§<50w�� ¥ 7 -N¨N5Nw��©� , whereas¥ 7 -0§���¨~50w��T
 .

A problemfunction
¥

is saidto separatepointsif for all H���Jª E
=�6H¬«�yJ , thereis some��Ay� suchthat­ ¥ 7 ��wI®D-�HI��JU5 ­ �y} . ¥ inducesa quasiorder̄ on 
 byH�¯1J '*),+° _ 7²± �¤A!��w 7 Jª ¥ 7 ��w�_ HP ¥ 7 �Pw*�
Intuitively, H�¯!J if solving J impliessolving H . Thefollowing is easyto check:

Proposition 2.2. Let
¥ 2Ln � _cn � be a problemfunction. Then,

¥
separatespointsif and only if ¯ is

antisymmetric. ³
Pointseparatingproblemfunctionsareusefulwhenonewantsto groupproblemswhichtestthesameskills
(cf. thenotionsmentionedabove).

Any skill function inducesa problemfunctionusingtheassigment|�2ls�´_a| 7 s�w above. Thenext result
shows thatthesetwo conceptsare,in fact,equivalent:

Proposition 2.3. Let µ bethesetof all problemfunctions,and ¶ thesetof all skill functionswith respect
to SandQ. Then,theassignment| definedaboveis bijectivebetween¶ and µ .

Proof. 1. G is injective: Let sl·W�es<¸¬2¹
�_ºn q v be skill functionssuchthat s�·�«�»s$¸ . Then, there
is some J¢ C
 suchthat s · 7 J0w^«� s ¸ 7 J0w . Supposewithout lossof generalitythat �. ys · 7 J0w�¼�s ¸ 7 J0w .
Since �Q >s · 7 J0w , we have Jx C| 7 s · w 7 �Pw . If J1« C| 7 s ¸ w 7 �Pw , we aredone. Otherwise,thereis some�� �s ¸ 7 J0w with �pAT� , andclearly Jª L| 7 s ¸ w 7 �
w . If J� L| 7 s · w 7 �½w , thenthereis some¾� �s · 7 J0w with¾¿A>� . Since �ÀA>� , andtheelementsof s · 7 J0w arepairwiseincomparable,this cannothappen.Hence,| 7 s ¸ w 7 �
we«�>| 7 s · w 7 �½w , andtherefore,| is one-one.

2. G is surjective: Fix some
¥  Pµ . For J� �
 , letÁ 7 J0w '*),+�Â-R�¤A`�12WJ� ¥ 7 ��w�5��

anddefines�2�
�_�n q v by s 7 J0w '*),+�»-~�4AT�¬2�� is minimal in
Á 7 J0wÃ5��

We aregoingto show that s� x¶ , and | 7 s�w�� ¥ .
Supposethat J¢ ¡
 . Since J¢ ¥ 7 ��wÄ�»
 ,

Á 7 J0w:«��� , andsince
¥ 7 �Ww£�9� , we have �¿« Á 7 J0w . It

follows that s 7 J0w is not emptyandcontainsonly nonemptysets.Sinceeachof theseis minimal in
Á 7 J0w ,

theelementsof s 7 J0w arepairwiseincomparable.
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Let �¤AT� . Then, | 7 s�w 7 ��w3� ¥ 7 ��w :
" A ": Let Jª �| 7 s�w 7 ��w ; then,thereis some�p Äs 7 J0w with �pA1� . By definitionof s 7 J0w , �p Á 7 J0w , and
hence,JO ¥ 7 �½w . Since

¥
is monotone,and �pA1� , it followsthat Jª ¥ 7 �Pw .

" Å ": Let JE ¥ 7 ��w . Then, �Æ Á 7 J0w . Supposethat ��A�� is minimal in
Á 7 J0w and JE >� . Then,�p �s 7 J0w , andby definitionof | 7 s�w and �pA`� we have J� L| 7 s�w 7 ��w .

Oneconsequenceof this theoremis that therearetwo equivalenttheoreticalformulationsof knowledge
structuresconnectedto skills: One basedon a skill function, the other one on its associatedproblem
function. Let us call a triple ��
=����� ¥ � a skill - knowledgestructure, where

¥ 2¬nW�1_.nW� is a problem
function.

It wasaskedin Falmagneet al. (1990),p. 208,underwhich conditionsthesetof all s -knowledgestatesis
a knowledgespace.Wecangive asufficient conditionin termsof

¥
:

Proposition 2.4. Let s�2Z
y_�n q v bea skill function,and
¥

its associatedproblemfunction.If
¥

preserves

union,then � �>M0§lÇ 7 ¥ w is a knowledgespace.

Proof. Supposethat
¥

preserves ¦ , andlet
� ��zB P� ,

� � ¥ 7 ��w8��zy� ¥ 7 �½w . Then,� ¦�zy� ¥ 7 ��wI¦ ¥ 7 �½w�� ¥ 7 ��¦G�Èw� ����
Thecondition,however, is notnecessary, asthefollowing exampleshows:

Let 
��¿-�HI��Jl��MU5��6�L�¿-�}U��n$���&5 , ands 7 J0w��y-U-�}U���&5��*-Nn<���l5W5l��s 7 H�wI�C-W-�}�5W5l��s 7 M0w��y-U-Nnl5U5��
Then, � �¿-N�$�8-l}05l�8-0nl5��Ã-�}W��nl5W��
K5 is a knowledgespace,but-�H���MU5Z� ¥ 7 -�}W��nl50w�¦ ¥ 7 -N�l50we«� ¥ 7 -�}W��n<���l50w6�>
=�
3 Constructing skill and problem functions

Let ��

����� bea knowledgestructure.Is it possibleto find anabstractsetof skills anda problemfunction¥
suchthat ���pM0§lÇ 7 ¥ w ? Theansweris: Definitely Yes! In this sectionwe shall describetwo strategies

for findingsucha setof skills, onebasedon antichains,theotherbeingamorerefinedconstruction.

Let ��

����� bea knowledgestructure.To facilitatenotation,we call
�  E� proper, if

� «�"�<��
 , andset��ÉD'8),+�4�p¼e-N�$��
K5 .
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3.1 Antichain based problem functions

Our first constructionshows thatany knowledgestructurecanberealisedasa skill - knowledgestructure
via pairwiseincomparablesetsof skills. This leadsto anupperboundof thenumberof skills neededfor a
problemfunction

¥ 2WnW�
r�� to exist.

Construct 1. If � hasjust two elements,we canchooseany set � with just oneelement.Otherwise,letz��pnW� be a Booleansetalgebrawith an antichain� of size iÊ� ­ ��É ­ , say, �Ë�À-Ni=ÌC2 �  `�DÉ�5 .
Now, define

¥ 2�nW�
r9� by

¥ 7 ��w�� ÍÎÎÏ ÎÎÐ 

� if i
Ì¢Ñ`� for some
�  ���ÉZ�� � if ����i Ì ��$� otherwise.

Clearly,
¥

is onto,andwealsohave
¥ 7 ��w��T

� ¥ 7 �WwÒ�T� .

To show that
¥

preserves A , let ��Ay�tAC� . We canassumethat �x«�y��Ó��©Ñ"� . Thefirst condition
tells us that i Ì A � for some

�  ¿�¤¼K-N�$��
½5 , andfrom �cÑ � we infer that
¥ 7 �ÈwG�4
 . Thus,¥ 7 ��w�A ¥ 7 �
w .

Thus,we have shown

Theorem 3.1. 2 Let ��

���D� be a knowledgestructure. Then,there is a set � and a problemfunction¥ 2¹nW�
_9nW� such that M0§lÇ 7 ¥ w���� .

If, in theconstructionabove, thechosenantichain� is thesetof atomsof nU� , thenwe call
¥

the indicator
problemfunction.

Example: Let 
>�¿-�}U��n$���&5��6�x�y-0§���¨0��Ô0��j<5l�� �¿-N�$�8-l}05l�8-0nl5��Ã-�}W���l5��Ã-Nn<���l5���
K5��
Applying theindicatorproblemfunctionwe obtain¥ 7 �UwÕ� �<�¥ 7 -N§$50wÕ� -�}�5��¥ 7 -N¨~50wÕ� -Nn&5¥ 7 -NÔ~50wÕ� -�}U���&5¥ 7 -Nj$50wÕ� -Nn$���&5¥ 7 ��wc� 

� otherwise.

Theassociatedskill functionis givenbys 7 }RwQ� -U-N§$5��*-NÔ~5l�8-0¨0��j$5W5W�s 7 nWwQ� -U-N¨~5l�8-0j<5l�8-0§���Ô~5W5W�s 7 �WwQ� -U-NÔ~5l�8-0j<5l�8-0§���¨~5W5W�
2A similar resultwasindependentlyobtainedin Doignon(????)
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Observethat s 7 J0w hasmorethanoneelementfor eachJª �
 , andthateachskill solvesatleastoneproblem.

It is instructive to consideranotherskill functionwhich realizesthe samesetof states,andwhich shows
thattheusingtheindicatorproblemfunctiondoesnotnecessarilyproducetheleastnumberof skills:

Let �x�¿-N§���¨���Ô~5 , and s givenby s 7 }Rwc� -W-0§$5W5��s 7 nWwc� -W-0¨~5W5l�s 7 �Wwc� -W-0§���Ô~5l�8-0¨0��Ô~5���-0§���¨~5W5W�
Thecorresponding

¥
is inducedby ¥ 7 -N§$50wÕ� -�}�5��¥ 7 -N¨~50wÕ� -Nn&5��¥ 7 -NÔ~50wÕ� �<�¥ 7 -N§���¨N5Nw�� 

�¥ 7 -N§���ÔN5Nw�� -�}U���&5��¥ 7 -0¨0��ÔN5Nw�� -Nn$���&5��

Thefact thatskill Ô by itself doesnotsolve any problemis reflectedby
¥ 7 -NÔN5Nw��T� .

In Falmagneet al. (1990),p. 208, it is statedthat ”An interpretationof a knowledgespacein termsof a

structureof underlyingskills is sometimespossible”. Theresultaboveshowsthatthis is in principlealways
possible,evenfor structuresmoregeneralthanknowledgespaces.

3.2 A bound for the number of skills

The precedingexampleshows that a knowledgestructure ���D��
�� canbe madeinto a skill - knowledge
structurein differentways. The questionariseshow many skills areneededfor a problemfunction

¥ 2nW�Dra� to exist. Clearly,
­ � ­�Ö>×,Ø b q 7�­ � ­ w , and

×gØ b q 7�­ � ­ w skills suffice, in case� is a Booleanalgebra.
Thenext resultshows thatnomatterwhat � lookslike, wenever needmuchmorethan

×,Ø b q 7�­ �DÉ ­ w skills.

We shallprove onepreliminaryLemma:

Lemma 3.2. If Ç Ö � , ×gØ b q�Ù ÇÇ
jlk,m(n�ÚEÛ ×gØ b qªÙlÜ²ÝWÞ q Ù ÇÇ
jlkgm�n0ÚZÚ �TÇ
Proof. Inspectionshows thatthestatementis truefor n=5. Supposeit is truefor n=k. If k is odd,thenÙ ß Û }7 ß Û }~wIjlkgm�n�Ú ��n�à Ù ßß j�k,m�n0Ú �
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andoneline impliesthenext: ×gØ b q�Ù ßß jlk,m(n~Ú¬Û ×gØ b q�Ù$Ü²ÝWÞ q Ù ßß jlkgm�n�ÚZÚ � ß �×,Ø b q6Ù ßß jlk,m�n0Ú¬Û } Û ×gØ b q�Ù$Ü²ÝWÞ q Ù ßß jlkgm�n�ÚZÚ � ß Û }W�×gØ b q�Ù ß Û }7 ß Û }Rw�jlk,m(n~Ú Û ×gØ b q�Ù Ü²ÝWÞ q Ù ßß jlkgm�n�ÚZÚ � ß Û }W�×gØ b q Ù ß Û }7 ß Û }Rw�j�k,m�n Ú Û ×gØ b q Ù Ü²ÝWÞ q Ù ß Û }7 ß Û }~wIjlkgm�n ÚZÚ � ß Û }W�
Now, supposethat ß �>n�à8i . First,observe thatÙ ß Û }7 ß Û }Rw�jlkgm�n~Ú � Ù ß Û }i Ú � ß Û }i Û } Ù ßi
Ú
andthus ×gØ b q�Ù ß Û }i Ú � ×gØ b qªÙ ß Û }i Û } Ú Û ×,Ø b qIÙ ßi Ú �
Usingthisandthefact that á ×gØ b q�Ù ß Û }i Û }<Ú�â à 7 nWi Û }Rw Ö1×gØ b q6Ù ßi
Ú �
it is straightforward,if somewhattedious,to show that×,Ø b q Ù<ß Û }i Ú Û ×gØ b q Ù ×gØ b q Ù<ß Û }i ÚZÚ Ö ×,Ø b q ÙZßiGÚ Û ×,Ø b q Ù ×gØ b q ÙZßi=Ú¹Ú Û }� ß Û }W�
which provestheassertion.

Proposition 3.3. Let ��

����� bea knowledgestructure with
­ ��É ­ �"i Ö � . Then,there are a setSwith­ � ­ �¡f ×gØ b q 7 i£w Û ×,Ø b q 7ã×gØ b q 7 i£w�w�h anda problemfunction
¥ 2¹nU�£r�� .

Proof. Let Ç bethesmallestnumberwith äuåå(æ�ç²è q�é Ö i . Theconstructionof 1 shows thatany set � with­ � ­ �tÇ will give rise to the desiredproblemfunction if we usesets
� A�� with

­ � ­ � ä�åå�æ�çêè q é to be
mappedto theproperstates,sincethesetsof this form areanantichainof size

Ö i .

If äuåå(æ�ç²è q�é �>i , theclaim followsimmediatelyfrom 3.2.Otherwise,Ù Ç=ëT}7 Ç
ë1}Rw�jlkgmen0Ú STitS Ù ÇÇ
jlkgm�n~Ú �
and,againby 3.2, ×gØ b q 7 i£w Û ×gØ b q 7ì×gØ b q 7 iGw�w Û }í�×gØ b q ä å<î ¸ï å<î ¸ñð æ�ç²è q é Û ×gØ b qeò ×gØ b q ä å$î ¸ï å<î ¸�ð æ�ç²è q éRó Û }í� Ç
whencetheclaim follows.

Let �DÉ beanantichainof size i , and
¥ 2�nW�Gr�� a problemfunction. Then, nU� musthave anantichain

of size i . UsingSperner’sLemma3 (seeGrätzer(1978),p. 188),it is straightforwardto show thatfor any
finite Booleanalgebraz with Ç atoms,z hasanantichainof size i if andonly if ä4åå(æ�ç²è q é Ö i . If e.g.i���n<} , thenthesmallestsuch Ç is � , andit is easilycheckedthat f ×gØ b q 7 n<}Rw Û ×gØ b q 7ì×gØ b q 7 n$}Rw�wñh¹�>� .

3We shouldlike to thankoneof therefereesfor remindingusof Sperner’sLemma
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3.3 The order structure of states and competencies

The precedingsectionshows thatany knowledgestructurecanbe obtainedby associatingits stateswith
incomparablesubsetsof an abstractskill set. The practicalvalueof this procedure,however, is rather
limited for two reasons:

1. Although the stateidentifying mappingcanbe formulatedparsimoniouslyin termsof the number

of abstractskills, it is not economicin the numberof differentstrategiesor competenciesto solve
a problem.Sincetheminimizationof disjunctive termswithin a theorywill beadvantageousto the
researcher, it wouldbehelpful to have a constructionwhichminimizesthenumberof strategies.

2. Themethodof ConstructionI doesnot reflectany relationshipamongthestates.

Thesetwo points are, indeed,related: Let ��

����� be a knowledgestructure,and JC ©
 . Following
Falmagneetal. (1990),wecall

�  L� aclausefor J , if
�

is aminimalelementof theset -NzB ��»2WJª PzK5 .
Theclausesinducea mappingôG2�
y_�n q�õ by letting ô 7 J0w bethesetof clausesfor J , which in Falmagne
etal. (1990)is calledasurmisemapping. Dif ferentclausesfor J will requiredifferentstrategiesfor solvingJ , which are incomparablewith respectto A . This givesus a lower boundfor the requirednumberof
strategies:Whenever s�2�
>_�n q õ is a skill function,then

­ s 7 J0w ­lÖ"­ ô 7 J0w ­ .
If � is a knowledgespace,thenit canberecoveredfrom ô , sincein a lattice,every elementis thejoin of
irreducibleelements.Furthermore,anunderlyingskill structurecanbefoundin which theorderstructure
of theclausescompletelyreflectstheorderstructureof thecompetencies:

Proposition 3.4. Let ��

���D� be a knowledgespace,and ô its surmisefunction. Then,regarding Q as a

setof skills (i.e. identifyingeach problem J with a uniqueskill which solvesJ ), ô is a skill function,and,if¥ 2WnW�x_�nU� is its associatedproblemfunction,then
¥

is a retractiononto � .

Proof. Clearly, theelementsof ô 7 J0w arepairwiseincomparablenonemptysubsetsof Q. It remainsto show
that M0§lÇ 7 ¥ wÒAT� , andthat

¥Pö � �>k,jU÷ :

" A ": Let �4AT
 . If �4 x-N�$��
K5 , thereis nothingto show. Otherwise,¥ 7 ��w��¿-NJª P
B2 7,ø �  �ô 7 J0w�w 7 � A¬��w�5��
If J� ¥ 7 ��w , �  `ô 7 J0w*� � A"� , and H¢ � , thenthereis a clausez for H with z¤A � A"� . Hence,Hy ¥ 7 �Pw , and thus,

¥ 7 ��w is the union of all clausesfor J below � . Since � is closedunderunion,¥ 7 ��w� L� .

Let
�  L� , andw.l.o.g.

� «�>�$��
 . Then,J� � ° _ 7gø zB Lô 7 J0w�w 7 zBA � w ° _�§½ ¥ 7 � w8�
which shows that

¥
is a retraction.

Thisanswersa questionin Falmagneet al. (1990),p. 208.

It is no accidentthatin theprecedingProposition,� wasa join semilattice.Indeedthenext resultshows,
thatthis is necessary(andsufficient) for � to bea retractof nU� , andthusfor theorderstructureof � to be

reflectedin n � :
10



Proposition 3.5. Let �����*��� bea partially orderedset.Then,therearesomeset � andanorder retraction]�2UnW�£r9� if andonly if �����*�¹� is a lattice.

Proof. First,notethatit is enoughto provetheclaimfor semilattices,sincea finite semilatticeis, in fact,a
lattice,cf. Birkhoff (1967).

" _ ": Let ]D2WnW�
r9� bearetraction;we cansupposew.l.o.g. that �ùA!nU� , andthat ] ö �Õ��k,j \ . For§���¨� �� , let §�úG¨ '8),+� ] 7 §�¦�¨8w . Since §���¨�A`§�¦£¨ , we have§���] 7 §lw�AT] 7 §(¦�¨8wÒ�>§eúÄ¨��
anda similar statementholdsfor ¨ . If Ô� P����§���¨�A!Ô , then §¹¦�¨�A!Ô , andhence,§¹ú�¨��>] 7 §�¦�¨8wÒA!] 7 Ô*w3�TÔ��
Hence,�����*��� is a join semilattice.

" û ": Supposethat � is a join semilatticewith smallestelement� andlargestelement } , andset � '8),+���¼e-N�l5 . Then,themappingbÄ2���_�nU� , definedby�
´_ 7 �&%&¼e-N�&5
is anorderpreservingembeddingwith b 7 �Ww���� and b 7 }~w��>� . Define ]D2(nU�
_�� by� ´_�üF-Nit ��c2~b 7 iGwZA � 5l�
If
� ATzBA`� , then] 7 � w3� ü -0it ��c2~b 7 i£w�A � 5�� ü -Nit ��c2Nb 7 iGwZATzK5¹��] 7 z�w8�

andthus, ] preservesorder. Furthermore,for �G �� ,] 7 b 7 ��w�w�� ü -0it P�.2~b 7 iGw�A¬b 7 ��w�5(�����
sinceb is anembedding.It follows,that � is aretractof nW� .
Oursecondconstructionaimsto refinetheindicatorproblemfunctionin thesensethatit takesinto account
apossiblenon- latticestructureof � , andallowsnonsingletonsubsetsof � to bemappedto properstates:

Construct 2. Definea relation �ÆAT
BýPn ÷ by setting
7 Jl�*- � · �R�²�²�²� �eþ 5NwÒ �� if f

1. ß ��� , and J� � · , or

2. (a) ß �`� ,
(b) Thesets

� ç arepairwiseincomparablewith respectto A , and ÿ=- � ç 2Uk�� ß 5
« L� ,

(c) Thereexistssome
�  P� suchthat

i) A is a cover of - � ç 2Wk�� ß 5 ,
ii) Jª � ë ÿ - � ç 2Wk�� ß 5 .

11



Suchan A will be calleda witnessfor
7 Jl�8- � ·0�~�²�ê�²� � þ 50wK >� . Observe that for a knowledgespace� ,

the secondconditionwill never arise. Indeed,this condition is to ensure,that the combinationof skills
neededto solve theproblemsin

� ·�¦x�R�~��¦ � þ enablesthesubjectto solve J : Sincetheunionof thestates� · �~�R�~��� �eþ is not a state,if a subjectis ableto solve all problemsin
� · �~�R�~��� �eþ , heor shewill beableto

solveadditionalproblems.

Our set � of skills will consistof elementslabeledwith thenonemptyknowledgestates,so that for each
suchstatethereis exactly one skill: Set �4�u-��*Ì»2 �  ��D� � «�a�l5 , and, for each J� ©
 , set� 7 J0wÒ��-RV�AT�42 7 Jl��V¹w  P�B5 . � 7 J0w is just therangeof J in therelation � .

Thenext stepis to usetheelementsof eachV> �� 7 J0w aslabelsandthenbuild s 7 J0w from theresultingsets

of skills: For eachV� �� 7 J0w let

� 7 Jl��V¹w��¿-����T2WzB �V�5�A`���
Observe that

� 7 Jl��V¹w is independentof J in thesensethat,if VT L� 7 H�w , then
� 7 HI��V¹w�� � 7 Jl��V¹w .

Finally, set s 7 J0w��y-~�4AT�¢20�©k��Zi£k,Ç6kgiG§ × k,Ç�- � 7 Jl��V¹w�20V� P� 7 J0w�5W5l�
Thenext resultshows that s provides ��

����� with thedesiredskill structure:

Proposition 3.6. 1. s is a skill function.

2. Let
¥

betheproblemfunctioncorrespondingto s . Then,M0§lÇ 7 ¥ w��T� .

Proof. 1. This followsimmediatelyfrom thedefinitionof s .
2. Recallthatfor each�¤A!� , ¥ 7 ��w '*),+�»-0J� �
p2 7gø �p �s 7 J0w�w 7 ��A1��w�5��
andhence, ¥ 7 �PwÒ�y-0J� �
B2 7gø � 7 Jl��V¹w  Äs 7 J0w�w 7 � 7 Jl��V¹weA¬��w�5l�
Clearly, it suffices to look at nonemptysubsetsof � . Supposewe have shown that for any nonempty�¤A!� , ¥ 7 ��w�� � - �  ��»2�� Ì  ��L5Z¦ � - �  L�¤2 � witnessessome

� 7 H���V¹w A¬�x5��(3.1)

Then,we canprovetheclaimasfollows:

” A ”: Let �4AT� benonempty, andV '*),+�¤- �  P�»2��8Ì¢ Ä�x5Z¦�- �  P�»2 � witnessessome
� 7 H���V¹w A`�x5��

sothat
¥ 7 ��w���ÿ 7 V¹w by (3.1).

Assumethat
¥ 7 ��w�« y� . Let B be minimal in -N�¤ y�c2 ¥ 7 ��wGA©�K5 , and HT >zBë ¥ 7 ��w . Then, z

covers V , and HB« >ÿ¬V by (3.1). It follows that
7 HI��V¹w
 y� , andhencethereis some �9 >s 7 H�w with�pA � 7 HI��V¹wÒA`� . Hence,H£ ¥ 7 ��w - a contradiction.
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” Å ”: Let
�  P�D� � «��� , andset �t'8),+�Â-��*Ì�5 . Then, �4 �s 7 J0w for all J� � , andthus

� A ¥ 7 ��w .
Conversely, let Jª ¥ 7 �Pw ; then -��*Ì�5� Äs 7 J0w , andthereexistssomeV> �� 7 J0w suchthat

� 7 Jl��V¹w��¿-��*Ì35 .
Since

� 7 Jl��V¹w is a singleton,T is a singleton,and,by definition of
� 7 Jl��V¹w , we have V � � . Hence,Jª � .

It remainsto show
7
	 w :

” A ”: Let HD ¥ 7 ��w . Then,thereis some
� 7 HI��V¹we Ls 7 H�w suchthat

� 7 HI��V¹weA>� . Notethat V" ¬� 7 H�w
and

7 H���V¹wG p� . If V4��- � 5 for some
�  ¡� , then � Ì  "� , and Hy � by the definition of � .

Otherwise,supposethat VF�¤- � · � � ¸ �~�ê�²�²� �¹þ 5 . Let
�  >� be a witnessfor

7 HI��V¹wK >� , and Jx � .
We needto show that JD ¥ 7 �Pw : If Jx � ç for some kO� ß , then �*Ì��� � 7 H���V¹w , andthus JD ¥ 7 ��w .
Otherwise,

7 Jl��V¹w  P� , andconsequently
� 7 HI��V¹w�� � 7 Jl��V¹w A¬� , which shows JO ¥ 7 ��w .

” Å ”: Let J� �  !� and �*Ì" 1� . Then, -��*Ì�5� `s 7 J0w , andhenceJ� ¥ 7 ��w . Next, let
�  !� be a

witnessfor
� 7 HI��V¹w�AT� and VT�y- � · � � ¸ �R�²�²�²� �eþ 5 . If Jª � ç for somek � ß , then �*Ì��� � 7 HI��V¹wZA1�

impliesthat Jª ¥ 7 ��w . Otherwise,
7 Jl��V¹wÒ �� andhence

� 7 Jl��V¹w�A¬� , shows JO ¥ 7 ��w .
Examples:

1. 
>�¿-�}U��n$���$���$5����p�¿-N�<�*-�}�5��*-Nn&5���-l}W��n$���l5l��-�}U��n<���l5���
½5 . We first determinethesets� 7 J0w :� 7 }Rwc� -W-�}�5��*-�}U��n$���&5���-l}W��n$���<5U5��� 7 nWwc� -W-Nn&5��*-�}U��n$���&5���-l}W��n$���<5U5��� 7 �Wwc� -W-�}U��n$���&5��*-W-l}05W�*-NnU5W5U5��� 7 ��wc� -W-�}U��n$���$5��*-W-l}05W�*-NnU5W5U5��
Let §È�
��� ¸�� , ¨������ q � , Ô��
��� ¸�� q � ��� , j��
��� ¸�� q � ��� . Then,s 7 }RwQ� -U-N§$5��*-NÔ~5l�8-0j$505��s 7 nWwQ� -U-N¨~5l�8-0Ô~5��*-Nj$505��s 7 �WwQ� -U-NÔ~5l�8-0§���¨~5U5��s 7 ��wQ� -U-Nj$5��*-N§���¨~5W5l�

2. 
>�¿-�}U��n$���&5����¡�¿-N�$�8-l}05l�8-0nl5��Ã-�}W���l5��Ã-Nnl���l5W��
K5 . � 7 J0w is foundto be� 7 }RwÆ� -U-�}�5��*-�}W���l5U5��� 7 nWwÆ� -U-Nn&5��*-Nn<���l5U5��� 7 �WwÆ� -U-�}U��n&5��*-Nn<���U5��*-0-�}�5���-0nl505U5��
Notethat

7 �$�8-U-�}05l�8-0nl5U5Nw� �� is witnessedby 
 .

Let §È�
� � ¸�� , ¨���� � q � , Ô��
� � ¸�� ��� , j��
� � q � ��� . Then,s 7 }RwQ� -U-N§$5��*-NÔ~5U5��s 7 nWwQ� -U-N¨~5l�8-0Ô~5W5l�s 7 �WwQ� -U-NÔ~5l�8-0j<5l�8-0§���¨~5W5l�
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Table 4: Empiricaldensityof thetheoreticalsetA states

State Problems n(pretest) n(posttest)

1 � 0 0
2 ���������! ��#"��%$�& 0 0

3 ���������� ��#"���$'�#(�& 2 1
4 �'���%�'�# ��!"���$'�%)'�#*�& 2 0

5 �'�����'�# ���"���$��#(���)���*�& 4 2
6 �'�����'�� ��+"���$��#(���,��-��.�& 0 4

7 ���������# ���"��%$'�#(���)'��*��+,����-.�& 45 29
8 �'�����'�� ��+"���$���)'��*��-����& 0 0

9 ���������� ��#"���$'�#(��-)'�#*��#,�����.�������& 28 40
10 �'���-�'�# ��#"���$���(��#,�����.�������& 1 1

11 �'���-���# ��#"���$'��(���)'�#*���,����-.�������������& 24 79

numberof hits usingall states(baseN=241): 106 156

In theconstructionof thegenericskill setsabove,westartedby assigningasetof skills to eachknowledge
statedifferentfrom � andQ, andthesewerein factall theskills. Thisseemsreasonableasa startingpoint:
If a particularstateis present,it is safeto supposethatthereis somesetof skills which solvesexactly the

problemsin that state. Yet, this assignmentmay be too crude,andlater onemay want to split up these
”initial” skills into setsof morerefinedskills. Givena knowledgestructure��

���D� , it maybeworthwhile
to look at thesetof all skill - knowledgestructures������

� ¥ � with M0§lÇ ¥ �y� . Thereis a naturalorderon

thesetof thesestructuresby setting ��� · ��

� ¥ · �O�"��� ¸ ��

� ¥ ¸ � if f thereis anontomapping��2�� ¸ _�� · ,
andfor each�¤AT��¸ we have

¥ · 7 �l# �£%gw�A ¥ ¸ 7 ��w . In this note,we shallnot pursuethis further.

4 An illustrative example

4.1 The data set

Thedatausedwereorginally publishedby Wiedl & Bethge(1983). They usedtheColouredProgressive
Matricestest(Raven(1965))andappliedthis testtwice. Thepretestwaspresentedusingthestandardtest
frame. The presentationof the posttestwasmodifiedusinga dynamicversionof the CPM (Carlson&

Wiedl (1992)).Thesubjectswereforcedto think aloudduringtheproblemsolvingprocess,andthey had
to give a reasonfor thechoicedreactioncategory. Therewasno reinforcement.Thesampleconsistedof
241children,andtheagerangewasbetween8.4and9.3years.

4.2 Description of the method

Applying discretemodelsto empiricaldatafacesa problem:Empiricaldeviationsfrom thepredictedstate
canbea consequenceof wrongmodelassumptionsor a consequenceof a probabilisticmechanism.Sub-
jectsmay solve someproblemsby chancealthoughthey do not have the skills to solve theseproblems

(”falsealarm”), or subjectsmissa correctsolutionof a problemalthoughthey have theskills to solve that
problem.

In thesequelweassumethatboth HI# iGk
����/��Ã% andHI# ]�§ × ��/�§ × §lM0iK% areverysmall. In thiscase,theobserved

empirical frequenciesreflect the theoreticalstructure. If both probabilitiesaresubstantial,we requirea
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probabilisticmodel,but, upto now, only primarystepstowardssuchaprobabilisticmodelhave beentaken

(Falmagne(????a)).

Basedon this rathercrudeassumptionwe can directly measurethe successof a given theory of skills
comparingthesubjectsthatarecorrectlyclassifiedwith thenumberof all subjects.

If thereis thepossibilityto cross-validatea givenmodel,we cansearchfor a collectionof statesusingthe
sortedempiricalfrequenciesof observed(possible)statesin sampleA andcollectthemostfrequentstates

until a satisfactoryresultis obtained.SampleB canbeusedto validatetheconstructedsetof states.Using
theconstructedsetof possiblestates� , we use �10��>��¦D-0�<��
K5 to constructa theoreticalskill function.
Theobservedstatesand/ortheconstructedskills canbeusedto updateanunsuccessfultheory.

4.3 Results

Tab. 4 shows the predictedstatesandtheir empirical frequenciesusingRaven’s skill assumptions.The
numberof subjectsfitting thetheoryis ratherdisappointing.Theproblemverbalizationinstructionseems

to pushsubjectstowardsthemodelassumptions.Onemightarguethatthebadmodelrepresentationis due
to randomfluctuationswithin the data. But Tab. 5 shows thatwe needonly a few statesto representthe
dataat leastaswell andwe cando muchbetter, if we usebetterconstructedstates.

Table 5: Statessortedby pretestfrequencies

Construction validation
Problems n(pretest) cum(pre) n(posttest) cum(post)

���������# ���"��%$'�#(���)'��*��+,����-.�& 45 45 29 29

�'���-���# ��#"���$'��(���)'�#*���,����-.�������& 28 73 40 69
�'���%�'�# ��!"���$'�+(��-)'�#*��#,��-��.�������������& 24 97 79 148

�'�����'�� ��+"���$��#(���*��+,����-.�& 17 114 4 152

�����-�'�# ��#"��%$'��(���)��#*��+,�& 9 4

�����-�'�# ��#"��-$��#(���)���*����-.�������& 9 132 21 177

�'�����'�+ ���"���$��#(��%)�& 6 1

�'�����'�� ��+"���$��#(��-)'�+,����-.�& 6 7

�����-�'�# ��#"��-$��#(���)���,����-.�������& 6 150 5 190

To explain the dataaswell astheskill theorydoes,we needonly 5 states( � included)in both datasets.
Tab. 6 showspossibleskill theoriesdeducedfrom thesestateswhoseempiricalfrequenciesaregreaterthan
a fixedvalue.

A very simple andempirically relative successfulskill theory is offeredby the statesat �3254G�	� : All

problemsneeda basicskill, problems7 and10bothneedanadditionalskill each,andproblems11 and12
needthesethreeskills andsomethingextra. Problems11 and12canbesolvedin two differentways.

Theinterpretationof theresultingskill functionis only valid in thepopulationof subjectsunderinvestiga-
tion. Theremight bemorestatesthatarenot realizedin thatpopulation(e.gthestate� ). Nevertheless,the

statesthatarerealizedmustbea substantialpartof any skill theory.
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Table 6: CPMsetA: Someskill theories

Problem Raven �3254��`� �32643�T� �32643�`�
1 B a a a

­
b

2 B a a a
­
b

3 B a a a
­
b

4 B a a a
­
b

5 B a a a
­
b

6 BO a a a
­
b

7 BG a ab a
8 BG a a b

­
ac

9 B1O a a b
­
ac
­
ad

10 B1O ab ac b
­
ad
­
ace

11 B12G abc abcd
­
abcef adh

­
acej
­
adfj
­
bgj

12 B12OC abcd abce
­
abcdg acek

­
adfk

­
bgk
­
adhil

no. of states 11 5 7 10

5 Discussion

The main aim of this paperis the characterizationof knowledgestructuresbasedon skill functions. We
have shown that any knowledgestructurecanbe suppliedwith an underlyingskill set � anda problem

function
¥ 2Kn � ra� . Only approximately

×,Ø b q 7�­ � ­ w ) abstractskills arerequiredto obtaina properskill
representationof any knowledgestructure.

We presenttwo constructionsto obtaina skill representationof a givenknowledgestructure:

The first one,usingthe indicatorproblemfunction, is a theoreticaltool. Using that tool it waspossible
to calculatethelowerboundof thenumberof necessaryskills. Thesecondconstructionis anexploratory

tool for obtaininga soundskill representationwhich mightgive theresearchersomehintsto build a better
theory.

Up to now, thetheoryis facedwith somemoreor lesssevereproblems:

1. Thenumberof possibleskill representationsis infinite, andthereforewe needadescriptionwhatthe
skill representationslook like, given a knowledgestructure ��

���D� (seethe remarksat the endof

Section3).

2. Thereis aproblemof handlingnoisein data.Only if wehaveamodelin whichtherearemechanisms
to describetheresultsof theproblemsolvingbehaviour of asubjectv which is in state

�
andtriesto

solvea problem JG« � , canwe safelydistinguishbetweenmodelerrorandrandomfluctuation.The
ideasin Falmagne(????b)of probabilisticversionsof knowledgespacesmaypossiblybetransferred

to knowledgestructures.

3. Usingthetheorywe shallalwaysgetanempiricalresult,becausetheproposedconstructionsrecode
thedatain anotherstructureof sets,namely, thatof abstractskills. Theconsequenceis thata skill
structureconstructedwith a datasetcannever beinvalidatedusingthedataitself. Nevertheless,any

proposedskill structurecanbeevaluatedusinganempiricaldataset.Note,thate.g. theconstructed
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skill structurein our illustrativeexamplewasvalidatedby resultsof a seconddataset. We hold the

view thatdescribingdataandtestingtheoriesaredifferentproblems.Theproposedalgorithmsserve
asexploratorydataanalysistools. If we want to testtheorieswe shall needa statisticalframework
(seeProblem2).

4. Thereexist effective algorithmsto generatea knowledgespacebasedtheoryby queryingexperts
Koppen& Doignon(1990).A fourth problem,theinvestigationof which is thescopeof Düntsch&
Gediga(1996),is to find queryproceduresto build knowledgestructures.
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