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Abstract

In this paper, we position rough set data
analysis(RSDA)in the KDD process,and
emphasiseits difference to other KDD
methods,especiallywith respectto model
assumptions.As anexamplewe describea
methodof non-invasiveimputation.

1 Intr oduction

Accordingto the widely accepteddescriptionof [5],
the (iterative) processof knowledge discovery in
databases(KDD) consistsof thefollowing steps:

KDD 1. Developing an understandingof the
applicationdomain,the relevant prior
knowledge,andthegoal(s)of theend-
user.

KDD 2. Creatingor selectinga targetdataset.

KDD 3. Datacleaningandpreprocessing;this
step includes,amongother tasks,re-
moving noiseor accountingfor noise,
andimputationof missingvalues.

KDD 4. Data reduction: Finding useful fea-
tures to representthe data depend-
ing on the goal of the task. This
may includedimensionalityreduction
or transformation.

KDD 5. Matchingthegoalsto a particulardata
mining methodsuchas classification,
regression,clusteringetc.�

Theorderingof authorsis alphabetical,andequalauthorship
is implied.

KDD 6. Model and hypothesis selection,
choosingthedatamining algorithm(s)
and methods to be used for for
searchingfor datapatterns.

KDD 7. Datamining.
KDD 8. Interpretingminedpatterns.

KDD 9. Acting on discoveredknowledge.

Roughset dataanalysis(RSDA) was introducedby
[14] asa methodof rule-baseddataanalysis. Since
then, it has becomeincreasinglypopular with over
1100publicationsuntil 1998[15]. In this paper, we
positionRSDA in the variousstepsof theKDD pro-
cess,andemphasiseits differencetootherKDD meth-
ods.

2 Data modelsand model assumptions

As the basisfor our presentationwe choosethe data
modelof [7]: The centreof themodellingprocessis
theresearcherwho chooses

1. A domain
�

of interest.

2. A system � , which consistsof a body of data
andrelationsamongthe data,calledan empiri-
cal system, anda mapping ��� ��� � , called
operationalisation. Theoperationalisationmap-
ping is oftencalledrepresentationin KDD, and
theempiricalmodeladomainmodel.

3. A numerical system1 	 , and a mapping 
 �� � 	 , calledscalingwhichmapsthedataand
the relationsamongthe datato a numericalor
graphicalscale.

1Theterm“numericalsystem”is historicaland,besidestradi-
tional numericalsystems,it comprisesothersystemsin modern
scalingtheory, suchasnetworksor knowledgespaces
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Figure1: Datamodelling

The choice of eachof the parts of the model is a
pragmaticdecisionby researchers,how they want to
model the propertiesand dependenciesof real life
criteria in the bestpossibleway, accordingto their
presentobjectivesandtheir stateof knowledgeabout
the world. As a simpleexample,considerthe situa-
tion that the knowledgestateof individualsin a cer-
tain areais to be assessed,which is our domainof
interest

�
. Theempiricalsystemconsistsof theindi-

vidualsandproblemswhich they areaskedto solve.
Theseproblemsaregivenby an expert who assumes
thatthey constituteatrueoperationalisationof thereal
knowledgestatesof theindividuals.A numericalsys-
temfor thisdomainarethetestscoresachievedby the
students.

Theoperationalisationis toalargepartsubjective,and
thusthe first sourceof uncertainty(“model selection
bias”): Onequestionis whethertheelementsandre-
lationsof theempiricalmodel � arerepresentativefor
theobjectsof thedomain

�
andthe relationsamong

them,anotherwhetherthechoiceof attributescovers
the relevant aspectsof

�
. Operationalisationandan

empiricalmodel– alongwith theassumptionsthatgo
with them– arenecessaryin any type of dataanaly-
sis,while a numericalsystemis not,asweshallshow
below.

All statisticalandmostKDD methodsmakeexternal
modelassumptions,andthusresideonthelevel of the
numericalmodel;a typical exampleis

“We will consider rectangular datasets
whose rows can be modelled as inde-
pendent,identically distributed(iid) draws
from somemultivariateprobabilitydistribu-

tion. . . .We will considerthreeclassesof
distributions ( :

1. themultivariatenormaldistribution;

2. the multinomial model for cross-
classifiedcategorical data, including
loglinearmodels;and

3. aclassof modelsfor mixedmodeland
categoricaldata. . . ” [16].

It may be arguedthat this is particularto the “hard”
statisticalmethods,and that a “soft” approachdoes
not usenumericalsystems.However,

Theprincipal componentsof softcomputing
are fuzzylogic, neural networktheory, and
probabilistic reasoning[18],

andall of these“soft” methodsrequire“hard” param-
etersoutsidethe observedphenomena– membership
degrees,priorprobabilities,parametersfor differential
equations.

Model assumptionsare not always spelled out “in
toto”, andthus,it is not clearto anobserver on what
basisandwith which justificationa particularmethod
is applied.Theassumptionof representativeness,for
example,is aproblemof any analysisin mostreallife
databases.Thereasonfor this is thehugestatecom-
plexity of thespaceof possiblerules,evenwhenthere
areonly a few numberof features.Furthermore,the
influenceof the modelassumptionson the resultsis
not alwaystakeninto accountwhen theseare inter-
preted.

The first stepof the KDD processaimsat minimis-
ing uncertaintyarising from operationalisation,and



KDD 2 coincideswith the choiceby the researcher
of a domainof interest.

The next step, KDD 3, is concernedwith making
thedatasuitablefor furtheranalysise.gby removing
noiseandimputingmissingdata.In orderto perform
this task,we have to know what we meanby noise,
and therefore,we must have decidedalreadyat this
stageon somekind of numericalsystemwhich im-
plies the choiceof model assumptionsand suitable
hypotheses.Similarly, the dimensionalityreduction
of KDD 4 presupposesthechoiceof modelfor a nu-
mericalsystem.It follows thatat leastthehypothesis
andmodelselectionof KDD 6 musttakeplaceright
after KDD 2 in order to avoid implicit andunstated
modelassumptions,andnot fall into thetrapof circu-
lar reasoning.

Not clearlyseparatingtheoperationalisationandscal-
ing processesmay result in unstated(or overlooked)
modelassumptionswhichmaycompromisethevalid-
ity of the resultof the analysis.We invite the reader
to consult[10] for anindicationof whatcangowrong
whenstatisticalmodelsareappliedwhich arenot in
concordancewith the objectives of the research(if
theseareknown). In particular, all we canhopefor
is anapproximationof thereality thatmodelsaresup-
posedto represent,andthatthereis nopanaceafor all
situations.

3 Roughsetdata analysis

An instanceof KDD, which is basedon minimal
model assumptions,and which admits ignorance
when no conclusioncan be drawn from the dataat
handis rough set dataanalysis(RSDA) [14] which
draws all its informationfrom thegivendata.In other
words, RSDA remainsat the level of the empirical
system;moreformally, the numericalandtheempir-
ical systemcoincide,and the scalingis the identity
function.

Operationalisationin RSDA is basedontheviewpoint
that objectsareknown (only) up to their description
by attributevectors:An informationsystem) consists
of aset * of objects,andaset+ of attributes;thelatter
arefunctions,-��* �/.10

which assignto eachobject2 avalue ,13 254 in theset
.60

of valueswhich 2 cantake
under , . If 798:<;>= + , we denotethefeaturevector
of 2 with respectto theattributesin ; by ?2A@ .

Thisoperationalisationby Object
�

Attributedatata-
bles assumesthe “nominal scalerestriction” which
postulatesthat eachobject hasexactly one valueof
eachattributeatagiventime,andthattheobservation
of this valueis withouterror.

KDD 1 andKDD 2 arenot partof RSDA, which as-
sumesthatenoughcarehasbeentakenin thesesteps
sothattheoperationalisationof datais sufficiently ac-
curateto be a soundbasisfor analysis. Traditional
RSDA takessubjectivity at this stagefor grantedasa
fact of life, andstartswith anempiricalsystemgiven
by suchanoperationalisation.An extendedapproach
which includespartsof theoperationalisationinto the
RSDA processis presentedin [4].

StepKDD 3 consistsof severalmechanismsto solve
problemswith thedatastructureathand:Missingdata
treatmentisoneof theissueswhichwasnotpartof the
classicalRSDA; we will show below how this canbe
done,at leastinitially , on the level of the empirical
model.

Noise reduction in the senseof a statisticalKDD-
proceduredoesnot apply to RSDA, becauseRSDA
hasno conceptof noise.Nevertheless,reducingcom-
plexity by removing dependency within thedatasetis
aprocedurewhichreduces“noise” aswell. Therefore,
it is sometimesusedasa KDD 3-procedurewithin a
statisticalKDD-process. Indeed,RSDA can be re-
gardedasapre-processingdeviceto recognisethepo-
tentially importantvariablesfor theconstructionof a
neuralnetworkor multiple regressionin order to re-
ducetheproblemof multi-co-linearity.

Datareduction(KDD 4) is a major featureof RSDA.
Each ;�= + determinesan equivalencerelation B @
on * by setting2-CED�FHGJILK 3NM6,-O ; 4 ,63 2P4 : ,63 G�4RQ
The finestequivalenceobtainedin this way is BTS . If;U= + and B @ : B SWV(3.1)

thenthe attributesin ; aresufficient to describethe
classificationinducedby + , andthus,onecanproject+ to ; . Notethatonly informationby thedatais used
for attributereduction.A set ; of attributeswhich is
minimal with respectto (3.1) is calleda reductof ) .

Becauseof its model assumptions,RSDA can only
use classificationin KDD 5: The data table is en-
hancedby a decisionattribute X with corresponding



equivalencerelation BZY , andtherelationshipsbetween
the various B @ and BZY areconsidered.If B @ = B[Y ,
thentheattributesin ; completelydeterminethedeci-
sionattribute. Having saidthis, we maymentionthat
onecanalsouseproceduresbasedonthenon-invasive
RSDA reasoningfor unsupervisedlearning[1].

As mentionedin thepreviousSection,at leastthehy-
pothesisandmodelselectionin thestatisticalsenseof
KDD 6 shouldhave beentakencareof afterKDD 2.
In RSDA thereis no numericalsystemdifferentfrom
theoperationalisationof theobserveddata,andthere
areno outsideparametersto be chosen,nor is there
a statisticalmodelto befitted. Within thepracticeof
RSDA, however, therearenumerousattemptsto find
anoptimalRSDA model. In principle,therearethree
strands:

1. The classical main approachconcentrateson
finding(near)reductsandshortrulesvia Boolean
reasoningto explain thedecisionvariable,abrief
introductionto whichcanbefoundin [12]. Eval-
uation is doneby simple probability measures
suchas approximationquality, rough member-
ship and rough inclusion which are obtained
from within thedatato estimateandoptimisethe
explanationandpredictionquality of variousat-
tribute sets. Thesemeasuresareconditionalon
thechoiceof attributesets.

2. A secondstrand integrates the complexity of
rulesandthe estimationof predictionerror into
a commonunconditionalmeasureby employing
variousentropy functions [3]. Thesemethods
aresubstantiallydifferentfrom thereduct-based
ones,and the fine structureof their relation to
the traditional methodsand their consequences
still needsto befully understood.In this respect,
RSDA hasthesameproblemsasothermethods
of dataanalysis.

3. Finally, hybrid approachessuchas the integra-
tion of RSDA and fuzzy techniques(which,
strictly speaking,lie outsidethe RSDA philos-
ophy)arebeingusedmorewidely [13].

Given a decisionsystem \]) V X�^ , the datamining step
(KDD 7) in all RSDA variationsconsistsof search-
ing for deterministicandindeterministicrulesoffered
by thedata: Supposethat 7_8:`;a= + , andthat X is
a decisionattribute. Eachclass b of B @ givesus a

rule in the following way: First, notethat b is asso-
ciatedwith a uniquefeaturevector \dc�ef^%ehg @ . Suppose
that b intersectsexactly theclassesi5j Vfkmlon , of B[Y ;
eachclassi j correspondsto a uniquevalue 
 j of the
decisionattribute.We now have theruleprqtsvuxwzy|{�}~�� F s ~6�9� ~�� s�� �9���5���%����� s�� �H�v�����
If in theimplicationabovewehave n :�� , i.e. if b is
containedin aclassof B Y , wecall b (andtherule) X –
deterministic(with respectto ; ). Wewrite ; � X for
thecollectionof all theserules,and,with someabuse
of language,call ; � X itself a rule. If eachclassofB @ is deterministic,then the classificationaccording
to X is completelydeterminedby ; ; in this casewe
call X dependenton ; . Observethat ; � X maycon-
tain indeterministicrules(expressedby a disjunction
ontheright handside),contraryto theassertionin [5]
that“a logical modelis alwaysdeterministic”.

KDD 8 is of special importancefor RSDA. Even
though,asasymbolicmethod,RSDA usesaonly few
parameterswhich needsimple statisticalestimation
procedures,its resultsmust be controlledusing sta-
tistical testing procedures,in particular, when they
areusedfor modellingandpredictionof events. The
problem here, of course,is not to allow subjective
modelassumptionsto creepin throughthebackdoor,
when testingproceduresare applied. In earlier pa-
pers,two of ushavedescribedhow RSDA canbesup-
plementedby non-invasiveproceduresfor testingrule
significanceby randomisationmethods[1], datacom-
pressionby classificatoryfiltering [2], andmodelse-
lection using a suitableentropyand the principle of
minimumdescriptionlength[3].

As for KDD 9, experiencehasshown, that the non-
invasiveapproachcanbesuccessfullyusedfor KDD,
at leastasanindicator, beforehardermethodsareap-
plied, and we invite the readerto consult[15] for a
recentoverview of applicationsof RSDA.

4 Non-invasiveimputation

Most KDD applicationscontain a large amountof
missingdatawhichhavetobetakencareof in KDD 3.
As an example for a non-invasive procedurein the
spirit of RSDA, we presenta methodof dataimpu-
tation,which is describedmorefully in [6]. Otherre-
centwork in theRSDA context includes[9, 17, 8, 11],
andfor thestatisticalmethodswe recommendtheex-
cellentbook[16].



In contrastto statisticalimputationprocedures,RSDA
analysisoffers no straightforwardway to defineloss
functionsor a likelihood function; thesearebasedon
statisticalpre-assumptions,whicharenotgivenin rule
baseddataanalysis.Therefore,otheroptimisationcri-
teriamustbe used.A simplecriterion is thedemand
thattherulesof thesystemshouldhaveamaximumin
termsof consistency, whichmeansif wefill amissing
entrywith a value,weshouldresultin a rulewhich is
consistentwith theotherrulesof thesystem.Our al-
gorithmimputesmissingvaluesin anattributevector?2 by presentinga list of possiblevaluesdrawn from
thesetof all vectors ?G which do not contradict ?2 , i.e.
they have thesameentrieswhereverbotharedefined.

For each2 O�* andeach7-8:�;�= + we let���R� @ 3 254 :<� ,�O ; ��,63 2P4 is defined�
bethesetof ; -relevantattributesfor 2 . Let ?2 @ bethe
featurevectorof 2 with respectto theattributesin ; ,
i.e. ?2 @ : \�,13 254 ��,�O ; ^ Q
Here, we assumethat the attributes in + , and thus
in ; , aresuitably indexed. Each ?2 @ is calleda ; -
granule; if ;`: + or ; is understood,we just speak
of granules. Observe that?2 @ : ?2�����  F5¡r¢[£ Q
For each7-8:�;`= + wedefinearelation ;v¤ on * by2 ;v¤ G¥ILK ,13 254 : ,63 G�4 for all ,¦O ���R� @ 3 2P46§9���R� @ GPQ
If 2 ; ¤ G , we say that 2 and G are consistent. This
terminologyis justified by the fact that 2 ;v¤ G just in
casethat whenever , is definedon both 2 and G , it
doesnot distinguish betweenthem. For example, 2
and G with ?2 @ : \%¨ Vª©�Vª« ^ V ?G @ : \%¨ Vh¬5Vf© ^
areconsistent,while in case?2 @ : \%¨ Vª©�Vª« ^ V ?G @ : \%¨ Vª©�Vf­ ^
they are not. Consistency is a generalisationof in-
discernabilityusedin RSDA: Two objects2 V G areQ-
indiscernible,if ���R� @ 3 2P4 :®;/: ���R� @ 3 G�4 , and their
inducedgranulesareequal.Thegranulesof two con-
sistentobjectscanbemadeequalon theunionof their

relevantattributesby filling in missingvaluesin one
granuleby valueswhicharedefinedin theothergran-
ule.

If thegranule ?2 @ hasa missingvalueat, say, ,�O ; ,
we will try to imputeit from the , -valuesof the ob-
jectsin the similarity classof 2 .This will not always
be possible,and, if it is, theremay not be a unique
value. Thus,theresultof theimputationprocesswill
in some(or many) casesbealist of valuesfrom which
a value may be picked, possiblyby other methods,
withoutviolating theconsistency.

Let us definea mapping 
 �v*°¯±+ � ² 0 g S ­�³[´
which will give us the possibleimputablevaluesby
collecting for each 2 Oµ* and each ,`O ; those
entrieswhich appearas entries ,13 G�4 in the granules
inducedby a G O�* which is consistentto 2 .

¶¦·�¸5¹�º¼»6½
¾¿¿¿¿¿¿À ¿¿¿¿¿¿Á
º�·�¸�»%¹ if º�·�¸�» is defined¹Â º�·�ÃZ»zÄ[Ã�ÅÇÆÉÈÊ·�¸�»�Ë¼¹ if º is notdefinedat ¸ ,

but º is definedfor

someÃEÅ¦ÆzÈÊ·�¸�»h¹Ì ¹ otherwiseÍ
We seethat 
 leavesuniquevaluesalone; further-

more,if , is not definedat any G O ;v¤ 3 2P4 , i.e. if 2
is , – casual,thenwe will not beableto fill theentry\ 2 V ,�^ ; in this case,thereis no “collateralknowledge”
for \ 2 V ,�^ .
We now givea non-invasiveimputationalgorithm.

Algorithm 1. Definea sequenceof informationsystems
asfollows:

1. Î5Ï ½ Î .

2. Supposethat ÎAÐ ½�Ñ�ÒÓ¹�Ô Ð ¹ Â[Õ�Ö%× Ä�º Ð Å�Ô Ð ËÙØ is de-
finedfor someÚ�ÛÝÜ .

(a) Find thesimilarity classesÆzÈ × ·�¸�» .
(b) For eachº Ð ÅÞÔ Ð ¹1¸¥Å-Ò , letº ÐÙßPà ·�¸�»Ê½âá ¶¦·�¸P¹�º Ð »h¹ if ã ¶�·�¸P¹äº Ð » ã ½±åZ¹Ì ¹ otherwiseÍ
(c) Set Ô ÐÙßPàWæhç�è½ Â º ÐRßPà Ä�º Ð ÅéÔ Ð Ë and

Õ Ö ×�êìë æhç�è½ÕìÖ%×
.

With this procedure,we successively extend the at-
tribute mappings; in other words, we increase(or
leave constant)���R� S�3 254 . At somestage,thereis a n
such that ;í¤ � 3 254 :î;í¤ �äïñð 3 254 for all 2 Oµ* , see
[6] for a proof. At this step we report the matrix



\�
ò3 2 V , 4 ^ 0 g S � . If 
ò3 2 V , 4 has more than one ele-
ment, this set will give us the possibilitiesfor value,13 254 , basedon previousexperience.

As an example,considerthe Table1. After the first
stepwe notethatwe cannotmakethetablecomplete,
sincethereis no ,�ó -valuefor 25ô . Thereis someambi-
guity for theobservations 2Aõ and 25ö which cannotbe
resolved in thefirst step.Thereasonis that thereare
– at this step– consistentreplacementsof the miss-
ing valuesin 2�÷ , 25ö , and 2�ø respectively, which al-
low usto build asuitablegranulefor thepredictionof
themissingvaluesof 2Aõ and 25ö . Sincethesimilarity
classesarereducedin step2, therearelesspossibili-
ties for replacement,and,indeed,all ambiguitiescan
beresolved.

Table1: ImputationIù ð ùRú ùRû ùRüs ð ýT� þ ÿZ� þ � � þ��R� þs ú � � � þ��T� þ �f� þs û �T� þ � ÿZ� þ ýR� þs ü � �T� þ � � � þs�� �T� þ	�T� þ � �s�
 ýT� þ ÿZ� þ � � þ��R� þs�� � � þ	�T� þ��ª� þ �f� þs�� � � þ	�T� þ ýT� þ �

Table2: ImputationIIù ð ù ú ù û ù üs ð ýR� þ ÿ[� þ � � þ �T� þs ú � � � þ �T� þ �ª� þs û �R� þ 
��T� þ�� ÿZ� þ ýT� þs ü 
 ù ð p]s � y � �R� þ 
ªýT� þ�� � � þs � �R� þ �R� þ 
hÿZ� þ���
 ù ü p]s û y �s 
 ýR� þ ÿ[� þ � � þ �T� þs�� � � þ �R� þ �ª� þ �ª� þs�� � � þ �R� þ ýT� þ 
 � � þ��
Table3: ImputationIIIù ð ù ú ù û ù üs ð ýT� þ ÿ[� þ � � þ �T� þs ú � � � þ �T� þ �ª� þs û �T� þ 
��T� þ�� ÿZ� þ ýT� þs ü 
 � � þ�� �R� þ 
ªýT� þ�� � � þs�� �T� þ �R� þ 
hÿZ� þ���
ªýR� þ��s 
 ýT� þ ÿ[� þ � � þ �T� þs � � � þ �R� þ �ª� þ �ª� þs � � � þ �R� þ ýT� þ 
 � � þ��

A simulationstudywhich shows thescopeof theap-
plicability of this methodhasbeenperformedin [6].
The intensionof theproposedprocedureis to inform
the userof what might happenif missingvaluesare

imputed, which is a different goal to than to find
a (statistical)procedureto estimatea model among
variables. This interplayof non-invasive computing
andmoredemandingstatisticalmodellingis intended:
Non-invasivecomputingshowswhich resultsarepos-
siblefrom theobtaineddata– statisticalmodellingof-
fersthemostprobablesolutionof theproblem.
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