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Abstract

One method for modelling uncertain or inaccu-
rate information is rough setanalysiswhich was
intr oducedand studiedby Pawlak (1982)and his
co–workers.Unlik e other methodssuchasfuzzy
set theory, Dempster– Shafer theory or statisti-
cal methods,rough set analysis requiresno ex-
ternal parametersand usesonly the information
presentedin the given data. In the presentstudy
weapply roughsetanalysisto an investigationof
the indicators of repeatedheart attacks.

1 Introduction

In many casesit is not possibleto obtaincomplete
– or certain– information.This maybedueto sub-
jective causessuchasvaguenessor may be dueto
objective onessuchasmeasuringerrorsor insuffi-
cient knowledge.Facedwith vagueinformation,a
researcheris limited by

� insufficientdistinctionof items,

� objectsetswhich canonly beapproximated,

� insufficientgranularityof theknowledgerep-
resentation,

� decisionruleswhich arenot deterministic.

Thesecause,amongothers,thefollowingproblems:

� Explanation:

– Whichcircumstancescausethesituation
underreview?

– To which degreeare which factorsre-
sponsiblefor thesituation?

– Is therea dependenceamongthesefac-
tors,and,if so,to whatdegree?

� Decision: How we shouldact in a particular
setof circumstances.

Several approachesare possiblesuchas fuzzy set
methods,Kwakernak(1978a),Kwakernak(1978b),
Dempster- Shaferevidencetheory, Shafer(1976)
or statisticalanalysis,Pearl(1988).All of thesere-
quireparametersoutsidethe observedphenomena,
or presupposethat thepropertiesareof a quantita-
tivecharacterandaresubjectto randominfluences,
in order that statisticalmethodssuch as variance
analysis,regression,or correlationmaybeapplied.

One methodwhich avoids external parametersis
roughsetanalysisasintroducedby Pawlak (1982).
It is a first (andsometimessufficient) stepin ana-
lyzing incompleteor uncertaininformation.It uses
only internal informationanddoesnot rely on ad-
ditionalmodelassumptionssuchasfuzzysetmeth-
odsor probabilisticmodels.In otherwords,instead
of using numbersor other additional parameters,
roughsetanalysisutilizessolelythestructureof the
givendata.

Examplesof applicationsof roughsettheoryto me-
dicine,psychology,conflictanalysisandotherfields
canbefoundin Pawlak(1991)andSłowinski (1992).

In the presentpaper, we investigatewhetherand
how roughsetanalysiscanbeappliedto aninvesti-
gationinto thecausesof repeatedheartattackscon-
ductedbyRogner& Bartram(1989),Rogner& Bart-
ram (1991),andRogneret al. (1994). It turnsout
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that there are substantialdifferencesbetweenthe
roughsetmethodandmoretraditionalmethodsof
dataanalysis.Of course,thisdoesnot reflecton the
quality of eitherapproach.In someinstances,how-
ever, therearesimilarresults.Wetry to explainboth
differencesandsimilarities.

2 Themodel

Let
�

be a set and � an equivalencerelation on�
. Thepair � ��� ��� will becalledanapproximation

space. In this context, the relation � is oftencalled
an indiscernibility relation: Our knowledgeof the
objectsin

�
extendsonly up to membershipin the

classesof � . The idea now is to approximateour
knowledgeabouta subset� of

�
modulo the in-

discernibilityrelation � :
For �
	 � ,

����
����������������
is theupperapproximationof � , and

� � 
 ������������	����
its lower approximation. A roughsubsetof

�
is a

pair � � � � � , where�
	 � .

Figure1: Roughapproximation

Yes
�

Maybe

No

If ��	 � is given by a predicate� and � � � ,
then

1. � �!� meansthat � certainly hasproperty� ,

2. ��� � meansthat � possiblyhasproperty� ,

3. ��� �!" � meansthat � definitelydoesnot

haveproperty � .

Thus,theareaof uncertaintyextendsover � " � . In
away, wearedealingwith athree–valuedlogichav-
ing thevaluesyes, perhaps, no. Indeed,thecollec-
tion of all roughsetson

�
canbemadeinto a reg-

ular doubleStonealgebra;thesealgebras,in turn,
arethealgebraicform of three–valuedŁukasiewicz
logic (seeDüntsch(1995) for an overview of the
algebraicpropertiesof roughsetstructures).Alter-
natively, onecanconsiderthelower approximation
as a modal # operator(necessity),and the upper
approximationasa $ operator(possibility).

Knowledgerepresentationin the rough set model
is donevia information systemsin the following
sense:An informationsystem%&�'� �(�*)+�-,/.0�-1 � .32�4
consistsof

1. A set
�

of objects,

2. A finite set
)

of attributes,

3. For each56� ) a set
,7.

of attributevalues,

4. An informationfunction
1 � ��8&)�9:, �; .-2�< , . with

1>= � � 5�?@� , . for all ��� ��� 56�)
Wethinkof thedescriptor

1>= � � 5�? asthevaluewhich
object � takesatattribute 5 . Informationsystemsin
thissensediffer from tablesin a relationaldatabase
insofaraswedo not requirethattuplesbeunique.

With eachAB	 ) weassociateanequivalencerela-
tion � < on

�
by

�DCFE = � < ?HG�IKJLNM 1>= � � 5�?O� 1>= E � 5�? for all 5P��A .

Intuitively, ��CQE = � < ? if the objectsx andy are
indiscerniblewith respectto the valuesof their at-
tributesfrom Q. We denotethe upperapproxima-
tion of �R	 � by �&SUT , andits lower approxima-
tion by � S T .
Thefinestapproximationwe canobtainis � 4 : The
classesof this relationcollect all objectswhich do
notdiffer in any attributevalue.� 4 isanaturalbound
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for roughsetanalysis;within the classesof � 4 we
cannotmakeany distinctionswith this approach.

Supposethat � � AB	 ) . WesaythatP is dependent
on Q – writtenas A 9 � – if � < 	��WV . If A 9 � ,
thenevery classof �WV is a union of classesof � < .
In otherwords,the classificationof

�
inducedby� canbeexpressedby theclassificationinducedbyA . If �X� �ZY[� , we usuallyjust write A 9 Y .

As a measureof thequality of an approximationof
a partition \ by a set A of attributeswe definethe
function ] < ���_^�`0a =b� ? 9dc ef�hghi by

(2.1) ] <j= \6?O�lk!m 2�n�o � S T oo � o p
Thus, ] < = \6? is the ratio of the numberof all el-
ementsof

�
classifiedwith certainty to the total

numberof elementsof
�

. Notethat � 9 A if and
only if ]qV = � < ?O� g .
If two sets � � Ar	 ) aremutually dependent,we
denotethis fact by s�t*Y = � � Au? ; clearly, svt*Y is an
equivalencerelationon w 4 . If svt*Y = � � AP? , and �x	A , then � and A generatethesameclassificationon�

, andtheattributesin A " � areredundantfor this
classification.Thisleadsto thefollowingdefinition:

Let AB	 ) . A set �'	HA is calleda reductof A , if

1. svt*Y = � � Au? (i.e. �WVy�F� < ),

2. For each�_z|{H� wehave �WV~}@���� < .

In other words, ��	�A is a reductof A , if � is
minimalamongall subsetsof A whichgeneratethe
sameclassificationas A . It is not hardto see,that
each AQ	 ) hasa reduct,thoughthis neednot be
unique.Theintersectionof all reductsof A will be
calledthecoreof A .

3 A strategyfor modelling

We have now assembledthenecessarytools to de-
scribea strategy on how to useroughsetmethods
in investigatinguncertaininformation.Theproblem
which wewantto solve is thefollowing:

Supposethat � ���-)+�*, . �*1 � .-2�4 is aninformationsys-
temand \ is a partitionof

�
.

1. Can \ be representedby a subsetA of
)

in
sucha way that � < ��� n ?

2. Whichattributesaremostsignificantfor such
a representation,if it exists?

The first step is to enlarge the given information
systemby addinga new attribute Y to representthe
partition \ . Thenew attributesetis denotedby

) z ,
andtheinformationfunctionis extendedby

1>= � � Y�?O��� n � p
Theattributesin

)
canbeconsideredto beindepen-

dentvariables,andY adependentclustervariable.

The next stepis to decidewhether
)�9 Y . If this

is not the case,then we cannotexpress\ by the
attributesin

)
, andwe have to be contentwith an

approximation.

Otherwise,supposethat
)�9 Y which indicatesa

first connectionbetween\ andtheattributesin
)

.
To investigatethis further, we could try to find allA�	 ) for which A 9 Y . This ”local” search
is usually ratherdemandingon computationalre-
sources.Therefore,thesearchis limited in thefirst
instanceto ”global” dependenciesin thesensethat
onelooksat the reductsof

)
on which Y is depen-

dent.If A is sucha reduct,thenits approximation
quality with respectto Y is equalto 1 by Equation
(2.1),andevery classof �h� is a unionof classesof� < .

Severalcasescanarise:

1. Thereis exactly onereduct:in this case,we
have found the smallestcombinationof at-
tributesof

)
whichdescribes\ , andwecon-

tinue with an analysisof this reductas de-
scribedbelow.

2. Thereis more thanonereduct:in this case,
we considerthecore:

(a) Thecoreisnotempty:eventhoughthere
arecombinationsof attributeswhichcan
bereplacedby othersandstill retain \ ,
thereis asetof attributeswhich is com-
monto all thesecombinations.
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(b) The core is empty: every attribute can
bereplacedby others.

In order to find out which attributesin A aresig-
nificant for the representationof Y by A we deter-
minetheapproximationqualityof A " �05�� for each5D��A . The lower theresultingvalueis, thehigher
thecontributionof 5 .
4 An application: a study of repeatedheart at-

tacks

In the investigationRogner& Bartram(1989), � e
malepatientswereexaminedwho tookpartin a re-
habilitation programmefrom March to June1987
following a heartattack.The criterion wasthe ab-
sence,respectively presence,of certainmedicalin-
dicatorssuchasmyocardiacproblems,anginapec-
toris etc. four yearslater. The psychologicalindi-
catorswerecloselyrelatedto the theoreticalback-
ground:

� A questionnaireon the primary appraisalof
theeventitself, theheartattack.

� A questionnaireon thedepressiveemotions.

� Becauseof the centralposition of the cop-
ing mechanism,thereweretwo operational-
izationsof coping:

– A questionnaireon thedepressive cop-
ing (HIKB) whichwasdividedintoeight
subscales.The subscales– as well as
thetotal– show asubstantialcorrelation
with thecriterion.

– A questionnaireonconcretecopingmech-
anisms(HICOP)in specificcircumstances
which wastakenretrospectively for the
intensive,acute,andrehabilitationstate
(Table1).

Besidethesepsychologicalindicators,medicalin-
dicatorswhich arepart of the standarddiagnostics
in rehabilitationtreatmentwereconsideredasdata
sources.In all cases,ergometryandechocardiome-
try testswereconducted.

Table 1: HICOPQuestionnaire

1. I was doubtful whether I would survive.
2. I blamed myself for not having cared until it was too late.
3. I reflected in detail how life would go on.
4. I blamed others.
5. I reacted more calmly than others in this situation.
6. I have tried to learn as much as possible about my illness.
7. I have considered what I would do differently in the future.
8. I decided that I had survived worse things.
9. I could not understand why of all people I should be affected.

10. I was worried about my family.
11. I trusted the doctor to treat me successfully.
12. I suffered great pain.
13. I tried to forget that I was ill.
14. I could not believe that I had had a heart attack.
15. I was worried about keeping my job.
16. I took my bad mood out on others.
17. I felt badly about troubling others.
18. I did not want to see anyone.
19. I tried to speak to others about my illness.
20. I found comfort in faith.
21. I felt that things were getting better.

4.1 Analysisof the HICOP questionnaire

HICOPinterviews usingthequestionnairegivenin
Table1 wereconductedin therehabilitationclinic.
For eachof thethreeinstancesacute, intensive, and
rehabilitation the questionnaireresultswere sub-
jectedto a Wardclusteranalysis,which resultedin
five groups.The problemaroseif, andhow, these
groupscould be recoveredby a roughsetanalysis
of thevariablesinvolved.

For eachof thethreeinstanceswe have

� An informationsystem� ���*)+�-,/.W�*1 � .32�4 , where�
is thesetof patients,

)
thesetof questions,

and
, . �B� ef�hg � for all 5��yA . Theinforma-

tion function
1

is definedcanonically.� A partition \ of
�

eachclassof which is a
groupof patientsobtainedby theclusteranal-
ysis.

Thus,we havethefollowing situation(s):

Patient Group 1 2 3 p�php
William 1 0 0 1
George 1 0 1 0

Paul 3 1 1 0
Peter 5 0 0 1phphp
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The aim now is to find some A�	 ) such that] < = \6? is maximal (seeEquation(2.1)). In other
words,we wantto find out whetherthefive groups
obtainedby theclusteranalysiscouldbedetermined
by suitableconfigurationsof attributes.

Following theproceduredescribedin Section3, we
computedthe reductsandthe coreof the informa-
tion system.In orderto determinethe influenceof
a singlecoreattributeon thequality of approxima-
tion, we removedeachattribute from the coreand
computedthe approximationquality of the result-
ing set by Equation(2.1). This value is given in
column � of Table2. The smallerthe number, the
greaterthe influenceof the attribute. In Gediga&

Table2: Resultof aroughanalysisof theHICOP–cluster

resultsat thelastinstance

Item Type Approx.-quality (worst case)
1 Core 0.750
6 Core 0.833
8 Core 0.800
9 Core 0.767
11 Core 0.850
12 Core 0.833
17 Core 0.867

10,15,18,21 Reduct 0.967

Düntsch(1994) theseresultswerecomparedwith
statisticalstandardmethods(analysisof variance,
discriminantanalysisandotherlinearmodellingap-
proaches).It couldbeobservedthat

� Not all variableswithin thecoreshow asimi-
lar effectwithin a linearmodellingapproach,

� Linearmodellingconsistentlyshowsmore”sig-
nificant” results.

Thedifferencesbetweentheresultscanbeexplained
in termsof non–linearity, suppression,interaction,
andthevalueof achosen,but necessary� probabil-
ity. It shouldbenotedthatnoneof thepointscreates
a problemfor theroughdataanalysis.On theother
hand,roughsetanalysisoffersaconfigurationalde-
scriptionof the databasedon the core(or reduct)
variables.Becausea configurationaldescriptionis
far too complex in mostof thecases,a furtherstep
of statisticaldataanalysiswill usuallybenecessary.

We concludethatroughsetanalysisshouldbeused
asa first stepfor dataanalysis.If the resultsof the
roughsetanalysiscanbeexpressedin asmallnum-
berof differentconfigurations,dataanalysisis com-
plete. If resultsof the rough set analysiscontains
moreinformation,the reducedcorecanbeusedas
the data basefor other more restrictive (e.g. lin-
ear)modellingapproaches.Usingsuchtechniques,
spurioussignificantresultsareobviated,andnon–
significantresultswithin corevariablescanbe ex-
plainedeitherasdueto asmalleffectof thevariable
or to amisfit of thestatisticalmodel.

Becauseof thesedifferencesbetweenlinear mod-
elling androughsetanalysissomeadditionalindi-
cationto the quality of the characterisationwould
be helpful. For this, we obtainedadditional infor-
mation from Rogner& Bartram(1989):Sincethe
’coping’ questionnairewasgivenretrospectively for
thethreeinstancesacutephase, intensivephase, and
rehabilitation phase, and sinceit can be assumed
that thecopingquestionnaireis relatively homoge-
neousduring the acutephase,it is reasonableto
assumethat the characterisationof the groupscan
be describedby the variation of the answersover
thethreeinstances.Table3 comparestheresultsof
Rogner& Bartram(1989) with the resultsof the
roughanalysis,takenat thefinal instance.

Table3: Characterisationof HICOP–items

Item V̈ar. inf. Rough inf. Item V̈ar. inf. Rough inf.
1 yes yes/Core 11 yes yes/Core
2 yes no 12 yes yes/Core
3 no no 13 no no
4 no no 14 no no
5 (p � 10%) no 15 no yes/Reduct
6 yes yes/Core 16 no no
7 (p � 10%) no 17 yes yes/Core
8 yes yes/Core 18 yes yes/Reduct
9 yes yes/Core 19 no no
10 yes yes/Reduct 20 no no

21 no yes/Reduct

Theanalysisshowsthatall coreitemscanbeclassi-
fied asvariation–sensitive; hence,the characterisa-
tion into fivegroupsby theitemsin thecorecanbe
interpretedasthe characterisationof changeat the
lastinstance.Summingup,we concludethat

� thereductionof attributesvia roughsetanal-
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ysisis similar to thatin linearmodelling,

� the modelassumptionsof roughsetanalysis
aremuchlessstringent,

� thereare plausibility reasonsthat – at least
for the chosenexample– roughsetanalysis
is themoresuitableinstrument.

5 Analysisof the HIKB questionnaire

TheHIKB questionnairewasdividedinto threegroups:

1. Primaryappraisal,specificemotions

2. Depressivecoping

3. Medicalindicators

Regardingfreedomfrom symptomsafterfour years
asthedependentvariable,wefirst notethatthecore
of theinformationsystemsis empty. Table4 shows
someselectedreducts.Thereductbelongingto Psych1

Table4: Reductsfor the prediction of freedom from

symptoms

Item Psych1 Psych2 Med1 Med2

Primary appraisal — 0.931 0.868 —
Depressive emotions — 0.966 — —

Keep to self 0.966 0.966 — —
Social supp., fellow patients 0.897 — 0.931 —
Anger 0.914 — — 0.897
Self blame 0.966 — — 0.931
Optimism — 0.931 0.828 0.931
Social support, partner 0.931 — — —
Positive reappraisal 0.966 — — —
Upward comparison 0.966 0.897 — —

Ergometry: Wattage � 100 — — 0.931 0.931
Ergometry: RR syst — — — —
Ergometry: RR diast — — 0.931 0.897
Ergometry: Rhythm disturb. — — — —
Ergometry: Full strain — — — —
Ergometry: Angina Pectoris — — — —
Ergometry: Heart rate 0.931 0.966 0.914 0.931
Echocard.: LV enddiast — — 0.862 0.828
Echocard.: LV endsyst — — — —
Echocard.: Shortening coeff. 0.897 0.897 0.966 0.931

containsessentiallythe itemsof depressive coping
and several necessarymedical indicators.Psych2
containsthepre–processingitems,primaryappraisal
and specificemotions, wherewe have chosenthe
smallestreductwith respectto cardinality.Themed-
ical reductscontainmainly the medicalitems and
whatever is necessaryto obtaina reductof minimal
size.

A cautiousinterpretationof this resultcouldbethat
the pre–processingvariablesinfluencethe depen-
dentvariablefreedomof symptomsratherindirectly,

sincethey canbe replacedby by the symptomsof
depressive coping.Furthermore,it is not unimpor-
tant for the validity of the resultsthatafter scaling
theimportanceof themedicalcriteria,theheartrate
and the shorteningcoefficient were recognizedas
importantdiagnosticfeatures.

A possibleexplanationfor the empty core is that
the reliability of many indicatorsis low; therefore,
randomordersmay leadto a classificationaswell.
Hence,it maybeasked,if thereis onereliablepsy-
chologicalindicatorwhosepredictioncapacitycould
betestedin relationto themedicalindicators.This
hasbeendonein partby Rogneret al. (1994),who
replacedthe eight psychologicalindicatorswith a
sumof z–valuesperpatient.This resultedin anex-
tremelyhigh correlationto freedomof symptoms,
whereasmedical indicatorsshowed consistentlya
low predictivepower.

In orderto do a roughsetanalysiswith this aggre-
gatedvariable,wehadto categorisedepressivecop-
ing. It turnedout that a 3–classmixture with nor-
mally distributedcarrierwasadequate(AIC; Boz-
dogan(1987)).Figure2 shows thatthebounds����(� , �(��� ��� � g , � g � � areadequatefor the
threegroups.The roughsetanalysisof the aggre-

Figure2: Mixture analysisof depressive coping
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gatedpsychologicalvariablewith themedicalvari-
ablesshowsthatnow thereis anonemptycore,see
Table5, wherethesmallestreductis displayed.

Table5: Smallest reduct for the prediction of freedom of
symptomswith one aggregatedpsychologicalvari-
able

Item Approximation Core
Depressive coping 0.671 yes
Ergometry: RR diast. 0.899 no
Ergometry: Heart rate 0.873 yes
Ergometry: Rhythm disturbances 0.823 yes
Ergometry: Strain 0.873 no
Ergometry: Angina pectoris 0.949 no
Echocard.: LV enddiast. 0.810 yes
Echocard.: Shortening coeff. 0.747 yes

Fromthefactthattheapproximationqualityreduces
to ]�� e p ��� g when removing the psychological
variable,weseethatdepressivecopinghasahigher
informationvalue thanany of the medicalindica-
tors. Furthermore,the diagnosticallyimportantat-
tributesarealsopresentin thecore.

Comparingtheresultsof theroughsetanalysiswith
thelinearmodellingapproachin Rogneretal. (1994),
we summarize:

� Thehighpredictivepowerof depressivecop-
ing remainsstablewithin thechangedanaly-
siscontext. Theeffect is independentof vari-
ationwithin themedicalindicators.

� Roughsetanalysis,nevertheless,shows that
thereis alsoa substantialpredictivepowerof
someof the medicalindicators.This is a re-
sultwhichwasnotobtainedwithin theframe-
work of a linearmodellingapproach.
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