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Summary

RoughsetdataanalysisS(RSDA), introducedby Pawlak [46], hasbecomea muchresearchedhethodof
knowledgediscovery with over 1200publicationsto date[50]. Onefeaturewhich distinguishedRSDA
from otherdataanalysismethodss that,in its original form, it gathersall its informationfrom the given
data,anddoesnotmakeexternalmodelassumptionasall statisticalandmostmachindearningmethods
(including decisiontreeproceduresylo. The price which needsto be paid for the parsimoly of this ap-
proachhowever, is thatsomestatisticalbackupis required for example,to dealwith randominfluences
to which the obsened datamay be subjected.In supplementindiRSDA by suchmeta-proceduresare
hasto be takenthatthe samenon-invasive principlesareapplied.

In a sequencef papersand conferencecontributions, we have developedthe componentsof a non-
invasivemethodof dataanalysiswhichis baseconthe RSDA principle,butis notrestrictedo “classical”
RSDA applicationsIn thisarticle,we presenfor thefirsttime in aunifiedway thefoundationsandtools
of suchroughinformationanalysis.

1 Intr oduction

Conceptforming and classificationin the absenceof completeor certaininformation hasbeena major
concernof artificial intelligencefor sometime. Facedwith suchimperfectinformation, a researchers
limited, for example,by

o Insufficientdistinctionof items,
e Objectsetswhich canonly be approximated,

¢ Inappropriatggranularityof the knowledgerepresentation,

Traditional“hard” dataanalysishasedon statisticalmodelsor (binary) rule andreasoningnethodsarein

mary casesotequippedo dealwith uncertaintyrelativity, or non-monotonigrocessesAs analternatve,

a“soft computing”approacthascomeinto fashion,whosemain componentarefuzzy logic, neuralnet-
work theory andprobabilisticreasonind65]. We obsene thatall of these"soft” methodsrequire“hard”

parametersutsidethe obsenedphenomena membershiflegrees prior probabilities parametersor dif-

ferentialequations- the origin of which is not alwaysclear Onealsoshouldnot forgetthatthe resultsof

suchmethodsarevalid only up to the givenmodelassumptionsvhich may not alwaysbe succinctlystated
(or evenknown).

*Theorderingof authorsis alphabeticalandequalauthorshigs implied.



A major problemof ary dataanalysismethodis the assumptiorof representatienessof the obsenred
datafor the underlying“true” datastructurepostulatedn a model. The reasonfor this is the hugestate
compl«ity of the spaceof possiblerules, even whenthereare only a few numberof features(Tah 1).
This causeghe distribution of the cell frequenciesn the obsened datato be extremely sparse,and a
representatie samplingis ratherunlikely.

Table 1: Statecompleity

# of attributes
#of attr. 10] 20] 30
values log,, (states)
2 3.01] 6.02]| 9.03
3 477 | 9.54| 14.31
4 6.02 | 12.04| 18.06
5 6.99 | 13.98| 20.97

Onecanobsenrethatin mostcasesreallife problems

o have few datapointswith respecto statecompleity,

¢ shav mary attributedependencies,

and thus, traditional statisticalmodelsdo not seemoptimal tools for datamining. Indeed,it would be
adwantageouto have aninstrumentariunwhich can

e remove redundantnformation,and

o discover which featuresor attributesarerelevantfor datadescriptionand/orprediction,andprovide
decisionsupport,

withoutassumindactswhich arenot containedn thedata.Suchaninstrumentseemsgo benecessargsa
pre-processingpol for furtheranalysisand,asobseredin [45], it is sometimesot only thefirst but also
asufiicient stepfor sensibledataanalysis.

A rule basedapproacho achieve theseaimsis roughsetdataanalysistRSDA) which hasbeendeveloped
by Z. Pawlak andhis co-workerssincethe early 1970s[34, 35, 45, 46]. Today roughsettheoryandits
applicationsin datadescriptionand analysisare a prosperingresearcHield, and mary applicationsand
pointersto recentliteraturecanbefoundin [37, 41, 43, 50-52,67].

As we shall see theroughsetmodelis datadriven: Attribute dependencieanddecisionrulesarealways
extracted(or learned)from existing systemsandthey are not part of the designprocessasis the case,
for example,with relationaldatabasedn this respectRSDA canbe consideregartof machinelearning,
or, moreconcretely datamining [22, 48], which in turnis a partof “Knowledgediscovery in databases”
(KDD). The readerwho is interestedn the differentapproacheso imperfectinformationin database
theoryandatrtificial intelligenceis encouragedtb consultthesurney paper[44].

Theoriginal view behindtheroughsetmodelis the obsenationthat

The information abouta decisionis usually vaguebecauseof uncertaintyand imprecision
comingfrom manysoures. .. Vaguenessnay be causedby granularity of representationof
theinformation.Granularity mayintroducean ambiguityto explanationor prescriptionbased
onvagueinformation[49].

In otherwords,theoriginal concepbehindthemodelis therealizatiornthatsetscanbedescribedroughly”,
i.e. therearethreeregionsof knowledge:

An objecthasaproperty



H Certainly B Possibly B Certainlynot.

This looks conspicuoushfike afuzzy membershigunction, andindeed,on the algebraic- logical level,
we cansaythatthe algebraicsemanticof a rough setlogic correspondso a fuzzy logic with a three-
valuedmembershigunction[seel0, 42]. An analysisof the relationbetweenthe roughsetapproachand
fuzzy setshasbeendoneby [8].

Roughsetanalysisusesonly internalknowledge anddoesnotrely on prior modelassumptionasfuzzy set
methodsor probabilisticmodelsdo. In otherwords,insteadof usingexternalnumbersor otheradditional
parametersioughsetanalysisutilisessolelythe structureof the givendataunderthe motto

Letthe dataspeakfor themselves

Of course thisdoesnot meanthat RSDA doesnot have any modelassumptionsfor example,we shav in
Section3.2 that the basicstatisticalassumptiorunderlyingRSDA s the principle of indifference How-
ever, modelassumptionaresuchthatwe admitcompleteignoranceof whathappensithin the region of
indiscernabilitygivenby the granulationof information.

It isimportantto realisethatRSDA doesnotexist in anisolatedworld of its own, but needgo beputin the
wider context of anoverall datamodel,and,indeed,the KDD process.This includesthatquestionssuch
assignificanceof rules,randominfluenceson the data,objectivity of themodelselectionprocesetc must
be addressedf RSDA wantsto be acceptedasa seriousmodelfor dataanalysis.In this contet, we can
stronglyrecommendheadvicegivento dataminersin [27].

In thispapeywewill outlinethebasicaimsof roughsettheory itstools,its limits, and,collectingourearlier
work, we shav how it canbe enhancedby non-invasive methoddor significanceesting,datafiltering, and
objectivecriteriafor modelselection.In thisway, we believewe canpresent“roughinformationanalysis”
(RouGHIAN) whichis well foundedwith sufiicientepistemologicahndstatisticabackupto sene asafully
fledgedmethodof non-invasive dataanalysis.

The paperis structuredasfollows: We first presenta datamodeland positionRSDA and othermethods
in this model. This followed by a descriptionof the structural,statistical,andinformationtheoretictools

whichareusedin RSDA andtheproposeddditionalproceduresTheseareintroducedcanddiscussedh the

next Sectionwhich describesRouGHIAN proper:Datafiltering, significancetesting,andmodelselection.
We concludewith asummaryandan outlook.

2 Data modelsand modelassumptions

As thebasisfor our presentationve choosehedatamodelof Gigerenzef26]: Thecentreof themodelling
processs theresearchewho chooses

1. A domainD of interest.

2. A system&, which consistsof a body of dataand relationsamongthe data, called an empirical
systemandamappinge : P — &, calledopemtionalisation. This mappingis oftencalledrepresen-
tationin KDD.

3. A representationsystem also called numericalsysterd M, anda mappingm : £ — M, called
scalingwhich mapsthe dataandtherelationsamongthe datato a numericalor graphicalscale.

1Jayneq32], p. 641, attributesthis sentencéo R.A. Fisher but we have not beenableto ascertairthis. Jaynegjoeson stating
that“The datacannotspeakfor themselvesandtheynever have,in anyreal problemof inference”. We areinclined to agreewith
him, but only up to the point, that,dueto the necessarpperationalisationf thedomain,thereareno “raw data”,andthereforethey
cannottell usanything.We hopethatthe resultsof thecurrentpapershow that,giventheminimal assumptionsf anempiricalmodel
(which do notincludea subjectve prior probability), the datatell us muchaboutthemselvesandthatadditionalassumptionarenot
necessanyatleastfor thefirst stepof dataanalysis.

2Thesesystemaarecalled“numerical” for historicalreasonsModernscalingtheoryincludesstructuressuchasnetworks knowl-
edgespacesandothercomplexconstructs.



Figure 1: Datamodelling
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Thechoiceof eachof the partsof themodelis a pragmatiadecisionby researchergow they wantto model
the propertiesand dependenciesf real life criteriain the bestpossibleway, accordingto their present
objectivesandtheir stateof knowledgeabouttheworld. As a simpleexample,considerthe situationthat
theknowledgestateof individualsin acertainareais to beassessedyhichis ourdomainof interestD. The
empiricalsystemconsistsof theindividualsandproblemswhich they areaskedto solve. Theseproblems
are given by an expert who assumeshat they constitutea true operationalisatiorof the real knowledge
statesf theindividuals.A numericalsystemfor this domainarethetestscoresachieved by the students.

Theoperationalisatiois to alarge partsubjectve, andthusthefirst sourceof uncertainty(“model selection
bias”): Onequestionis whetherthe elementandrelationsof the empiricalmodel £ arerepresentatie for

the objectsof the domainD andtherelationsamongthem,anothemwhetherthe choiceof attributescovers
therelevantaspect®f D. Operationalisatiomndanempiricalmodel— alongwith the assumptionthatgo

with them—arenecessarin ary typeof dataanalysiswhile it is our contentiorthata numericalsystems

not.

All statisticalandmostKDD methodsmakeexternalmodelassumptionsandthusresideon thelevel of
thenumericalmodel;atypical exampleis

“Wewill considerectanguladatasetsvhoserows canbemodelledasindependenidentically
distributed(iid) drawvs from somemultivariateprobability distribution. ...We will consider
threeclasse®f distributions f:

1. themultivariatenormaldistribution;

2. the multinomial modelfor cross-classifie@dateyorical data,including loglinearmodels;
and

3. aclassof modelsfor mixed modelandcateyoricaldata...” [55].

Unlike in the exampleabore, modelassumptionarenot alwaysspelledout, andthus,it is not clearto an
obsenrer on what basisand with which justificationa particularmethodis applied. As we have already
pointedout, the assumptiorof representatienessfor example,is a problemof ary analysisin mostreal
life databasesFurthermoretheinfluenceof the modelassumptiongntheresultsis not alwaystakeninto
accountwhentheseareinterpreted.

Not clearly separatinghe operationalisatiomndscalingprocessesnay resultin unstatedor overlooked)
modelassumptionsvhich may compromisehe validity of the resultof the analysis.We invite thereader
to consult[28] for anindicationof whatcangowrongwhenstatisticalmodelsareappliedwhich arenotin
concordancevith the objectivesof theresearcHif theseareknown). In particular all we canhopefor is
anapproximationof the reality thatmodelsare supposedo representandthatthereis no panacedor all
situations.



Giventhe difficulties of justifying - or even stating- modelassumptionsvhen constructinga numerical
system,one may well ask, whethersucha systemis, indeed,necessaty Justasan empirical systemis
betweenthe domainof interestand the numericalsystem,one can argue that one way of avoiding the
difficultiesof modelbuilding is to remainatthe level of anempiricalsystem,andinvestigatewhatit tells
usaboutthe obserableandunobserabledata. Thisalleviatesto someextentthe concerngegardingmodel
uncertaintyraisedin [5].

RSDA is suchamethodof dataanalysisnvhichstaysonthelevel of theempiricalsystemworkingonly with

andfrom thegivenoperationalisationFormally, this meanghatthe scalemappingis theidentity function.
It followsthataquestiorhow “noise” is handledwithin this modelis notsensible Thedefinitionof “noise”

assumes numericalmodelwhich, at the stageof the empiricalmodelis not yet present.Similarly, there
cannotbe “outliers”, sincethey alsopresupposa numericalmodel.

Gettingrid of Sgylla on the one handinvites Charybdison the other: For example,not assuminga spe-
cific distribution raisesthe questionof rule significance,and,in orderto stayconsistentwith our aim of
minimising modelassumptionswe needto presenttools in which additionalrestrictionsdo not creepin
throughthe backdoor We believe thatthe methodsdescribedelow satisfythis condition.

3 Thetools of rough setdata analysis

3.1 Symbolictools

Granularityof informationcanbedescribedy equivalencerelationsonasetl of objectsupto theclasses
of which objectsare discernible;what happenswithin the classess not part of our knowledge. Hence,
givenanequialencerelationf onadomainl/, our knowledgeof asubsetX of U is limited to theclasses
of # andtheir unions.This leadsto thefollowing definition:

For X C U, we saythat
(3.1) X, def U{H;L‘ (0r C X}

is thelower approximationor positiveregion of X, and

-0 def

(3.2) X = U{em cx € X}

is theupperapproximation or possibleregion of X with respecto 6. If § is understoodye shallusually
omit the subscriptandthe superscript.

A roughsetis apair (X, X),andX C U is calledd —definableif X = X.

Equivalencerelationsare the major tool of the roughsetmodel,and manipulationof theserelationsand
their classesonstitutests symbolicpart.

Knowledgerepresentatiom theroughsetmodelis donevia informationsystemsvhich areatakularform
of anOBJECT — ATTRIBUTE VALUE relationshipasshovnin Table2 [23].

More formally, aninformationsystem
1= <Ua Q; an fq)qeﬂ

consistsof

1. A finite setU of objects,

2. A finite setQ of attributesor features,



Figure 2: Roughapproximation
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Table2: Fishersiris data

Sepal Sepal Petal Petal

length width length width
50 33 14 2 1
46 34 14 3
65 28 46 15
62 22 45 15
67 30 50 17
64 28 56 22

<l143othervalues>
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3. Foreachq € Q

e A setV; of attributevalues,
e Aninformationfunctionf, : U — V.

We maythink of thedescriptorf, (z) asthevaluewhich objectz takesat attributeq.

This operationalisatiofy Object— Attribute datatablesassumeshe “nominal scalerestriction” which
postulateghateachobjecthasexactly onevalueof eachattributeat a giventime, andthatthe obsenation
of thisvalueis withouterror.

Information systemsare a primary sourceof equivalencerelations: With each@) C Q we associatean
equivalencerelationfg onU by

x =y (0q) iff fy(z) = f,(y) forall ¢ € Q.

Intuitively, z = y (6¢q) if the objectsx andy areindiscerniblewith respecto thevaluesof their attributes
from Q.

Theseequivalencedorm a meet- subsemilattic& (Z) of thelattice EQ(U) of all equivalencerelationson
U, andthemappingE : () — EQ(U) definedby

Qg

is ahomomorphisnfrom (p(2), U) to (EQ(U), N) with E(#) = U x U. We denotetheimageof E by
E(Z). Thenaturalpartialorderon E(Z) is setinclusionC, andwe sayfor P, ) C Q that



P isdependenon @ if andonly if 6o C 0p.

If P is dependenon @ we shallusuallywrite thisas@ = P. In this caseeachclassof §p is theunion
of classe®f d,, andthus,thedescriptionof anelementby theattributesin P canbelocally replacedby a
descriptionby theattributesin ¢ withoutlosingary extensionainformation.

If g C fp, thenwe saythat( is a reductof P if

(3.3) (VRCQ)(R#Q — 0n L 0p).

The intersectionof all reductsof P is calledthe core of P, denotedby core(P). This is slightly more
generalthanthe usualdefinition. If P = Q, we just speakof areductor the core(of 7).

It may be worth to point out that forming of reductsis a procedurdocal to the attribute setsinvolved.
In particulay reductsof €2 or its coreonly describehow the finestpartition of U — inducedby thewhole
system- canbe obtainedby (possibly)fewer featureshanall of Q. In algebraicterms,a reduct@ of P
correspondso oneconcretenclusionin {fr : R C Q}, andaffectsonly 6p. The statementAttributes
in areductcanreplacethewholeattributeset” is not globally true, sinceit only sayssomethingaboutone
equationin thewhole semilatticeE(7) of inducedequivalencerelationsin U.

The dependeng structureof implications@ = P is reflectedby the naturalorder C of its associated
meet—semilattic&(Z), andfinding dependenciem Z andreductsis the sameasexploring the equational
structureof E(Z). Wereferthereaderto [40] and[12] for detailsandfurtherreferences.

Equivalencerelationsf, fp areusedto obtainrulesin thefollowing way:
Welet @ — P betherelation
(X,Y)eQ - P<= Xisaclassof gy, Yisaclassof fp, andX NY # 0.
A pair (X,Y) € Q — P iscalledaQ,P—rule (orjustarule,if ¢ and P areunderstoodandusually

writtenit asX — Y. By somealuseof languageve shallalsocall Q — P arule whenthereis no danger
of confusion.

Eachrule hastwo parts(oneof which maybevoid):

The deterministic- or functional— partof Q — P, writtenas(@ e P,istheset
(3.4) {X,YYeQQ >P: X CY}.

If(X,Y)e@ % p,thenX is called P — deterministicor just deterministicif P is understood.

fQ—-P=Q aef P,i.e.if Q — Pisafunction,thenwecall Q — P deterministicandwrite Q = P; it
is nothardto seethat

@ = Pif andonlyif 6 C 0p,

sothatthe notationis consistentvith thedefinition of dependengcgivenearlieron.

3.2 Statistical tools

Even thoughrough setanalysisis a symbolic method,it usesan inherentmetric which is only based
on internal information, given by the information system,and not on extraneousparametersvhich are



requiredby othermethodsof dataanalysis.We first describdt by usingoneequialencerelationon a set:
If # € EQ(U) andX C U, thentheapproximationquality of # with respecto X is definedas

def |Xg| + =X,
U] ’

see[47]. This measures therelative frequeng of all elementswhich are correctly classifiedunderthe
granulationof informationby # with respecto beinganelemenof X or not. Alternatively, observinghat
X inducesa partition P of U with the classesX and—X, the function~, measureshe approximation
quality of § with respecto the partition?. Therearetwo statisticsrelatedto the approximatiorguality of
f, namely

(3.5) 76 (X)

def | X

X aer X1
Uy’

je(X) W) E

It is easyto seethatp* (X) = 1 — p.(—X), and

Y(X) = g (X) 4 s (= X),

sothatwe canregardp. astheunderlyingstatisticsof theroughsetmodel.

For eachequivalencef on U we let By be the subalgebraf (p(U),N, U, —, #, U) whoseatomsarethe
classef . Now, therestrictionu. | Bs is a probabilitymeasureon B whoseinner measurés just yi.,

andthemeasurablsetsof (U, By, u. | B) arejustthef—definablesets.We saythata probabilitymeasure
p on By is compatiblewith 4, if

(X)) < p(X) < p*(X),

forall X € By. It is easyto seethatthe only probability measureon (U') which is compatibleto all
functionsp. is givenby

X

36) pix) = X,
V|

sothatp(z) = ﬁ forall z € U. In otherwords,roughsettheoryassumeshe principle of indifference

[2], where

¢ Intheabsencef furtherknowledgeall basiceventsareassumedo beequallylikely.
Thus,the statisticalinterpretatiorof the roughsetapproachs quite simple:

e Roughsetanalysisneglectstheunderlyingjoint distributionsof theattributesandthe reportedstatis-
tics u., resp., aresuflicientonly if thejoint distributionsof the attributesareconstantasin (3.6).

This sounddike a dravback,but one shouldnotethatroughsetanalysisis applied(andapplicable!)in a
“few — objects- mary — attributes”situationwhichis very differentto thesituationsusuallyencountereéh
statisticalmodelling. In thefield of appliedregressioranalysisit wasshavn thatin comparablesituations
the assumptiori'simple is better”— e.g. using 0—1 regressionweights— resultsin more stableestimates
thanusinganapproachwith mary parameter§6]. We shallreturnto this themein Section4.4.

Generalising3.5) to partitionswith morethantwo classesye definethe quality of an approximationof a
anattributeset@ with respecto anattributeset P by

(3.7) Q= P) = [U{X : X isaP—deltUelrministicnIassof HQ}|.

Notethat@ = P if andonlyif ¥(Q — P) = 1.



3.3 Information theoretic tools

A measuravhich hasnotyetbeenfully exploitedin roughsettheoryis theuseof theinformationtheoretic
entropyfunctionwhich measureghreethings[39, p. 16]:

e Theamountof informationprovidedby anobsenationE,
e TheuncertaintyaboutE,

e Therandomnessf E.

Thecharacteristiof this approachs thatinformationof uncertaintydescribedy aprobability distribution
is mappednto a dimensiorwhich hasits own meaningn termsof sizeof a computeprogram,andwhich
hasthe consequencthat

o Effort of the codingthe “knowledge”in termsof optimal codingof givenrulesand

e Consequencesf “guessing”in termsof optimal numberof decisionsto classifya randomchosen
obsenation

canbeaggrgatedin the samedimension.

A comprehensie textbook on thesetopicsis [36], andanintroductionaswell aspointersto furtherlitera-
turecanbefoundin [1].

Let P be a partition of U with classesV;, ¢ < k, eachhaving cardinality ;. In compliancewith the
statisticalassumptiorof the roughsetmodelwe assumehatthe elementof U arerandomlydistributed
within theclasse®f P, sothatthe probabilityof anelementz beingin classi; is just %l We now define
theentropyof P by

) % bomy | |U|
(P)= 21 Toea ()
i=0

If 6 is anequivalencerelationon U andP its inducedpartition,we will alsowrite H (f) insteadof H (P).

The entropyestimateghe meannumberof comparisonsninimally necessaryo retrieve the equivalence
classinformation of a randomlychosenelementz € U. We canalsothink of the entropyof P asa

measuref granularityof the partition: If thereis only oneclassthenH (P) = 0, andif P correspondso

theidentity, then 7 (P) reachesa maximum(for fixedr). In otherwords,with theuniversalrelationthere
is no informationgain, sincethereis only oneclassandwe alwayschoosethe correctclassof anelement;
if thepartitioncontainsonly singletonstheinclusionof anelementin a specificclassis hardesto predict,
andthustheinformationgainis maximised.

This concludesour presentatiorof the basictools of the traditional rough setmodel. Thereare strong
relationsto otherfields of Mathematicsaandinformaticswhichwe shallnotgointo in this paper;apictorial
pointeris givenin Figure3.

4 ROUGHIAN —Roughinformation analysis

Whatwe seein Table?2 is oftencalled“raw data”. Theseareunfilteredmeasurementsf attributeswithin
the domainunderinvestigation. However, it canbe aguedthatthereis no suchthing as“obsened raw
data”: Mostmodelbuilding approachease“features”or “attributes”aswell as“measurementsb describe
the data. Which attributesare chosen,and which measurementare used,are pragmaticdecisionsby




Figure 3: Outreachof RSDA
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researchergiow they wantto representhedependenciesf reallife criteriain thebestpossiblevay—look
againat Fig. 1. Theroughsetapproachs thereforea conditionalinformationanalysisstratey, dependent
on the choice of attributesand measuremeninodels. It follows that — like othertypesof information
analysis- RSDA needsa pre—processingtepsuchasdatafiltering which resultsin datawhich is suitable
for further analysis. This stepshouldbe part of the measuremenrocedureandit is highly desirablein
certainsituations- for examplewhena systemhasan emptycoreor whenthe obtainedrulesarebasedn
afew obsenations.We shalladdresshis problemin Sectior4.2.

We canusethe approximationquality definedin (3.7) asaninternalindex of arule @ — P. If @ = P,
thenthepredictionis perfect,otherwisey(Q — P) < 1. However, aperfector highapproximatiorguality
is notaguarante¢hattheruleis valid. If, for example theroughsetmethoddiscoversarule Q = P which
is basedon only a few obsenations— which we call a casualrule — the approximationguality of therule
may be dueto chance.Thus,the validity of inferencerulesfor predictionmustbe validatedby statistical
techniques- otherwise applicationbeyond attribute reductionin the concretesituationmight aswell be
doneby throwing bonesinto the air and observingtheir pattern.We shall presensuchtestingprocedures
in Section4.3.

If we have competingrules,say @ — P, R — P, ..., we needa mechanisnto decidewhich oneof these
is thebestmodelof the situationandcanbe usedmostreliably for prediction.A conditionalmeasuresuch
asthe approximationquality is not a good guide,and even the significancetestingmethodspresentedn
Section4.3 may be too expensve or not give us clearsuggestionsin Section4.4 we shov how onecan
usetheentropyfunctionto describethe amountof uncertaintyof deterministicandindeterministicrules.

It is our opinion that with thesethreeadditionsto the original RSDA, the resultingmethod— which we
call RouGHIAN® — canbeturnedinto a usefultool for dataanalysisand prediction;it canbethefirst step
of a dataanalysisand,if necessarymay be followed by other moreinvasive, methods;applicationsof
ROUGHIAN canbefoundin [3, 4, 16,19].

SROUGH INFORMATION ANALYSIS
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4.1 Removingoverhead

In this sectionwe shallbriefly describethe basicapplicationof ‘pure’ roughsettheory namelythereduc-
tion of overheadn a giveninformationsystem. Here,we arenot concernedwvith learningor generating
rulesfor prediction,but only with the concretesituationunderconsideration.

Given an informationsystemZ = (U,Q,V,, f,)4eq, a naturalquestionis whetherthereis a setA of
attributeswhich doesnot changethe informationwhich Z provideswith regardto the (in—) discernibility
of objects.Thefirst stepwe cantakeis to remove (or aggrgate)attributeswhich leadto the samepartition
of U: Two attributesp, ¢ € Q arecalledequivalentif 6, = 6,. An informationsystenZ over U is called
essentialif thereareno equivalentattributes.In otherwords,

7 is essentiak—> E is one—onen singletons.

If Z is not essentialywe canalwayschooseoneelementof theset{q € Q : E({p}) = E({¢})} for each
p € Q.

The secondstepis to remave from Z thoseattributeswhich are exactly a combinationof others: Since

s E(Z) is afinite meet—semilatticef is generatedy the setlrr(S) of its meet—irreducibleelements.
Irr(S) is the smallestgeneratingsetfor .S, andhenceit is containedn {6, : ¢ € Q}. Theseobserations
leadto thefollowing definitions:

LetA {g € Q: 6, € lrr(S)}. Theinformationsystem7 = (U, V;, fq)qea is calledtheattributereduct
of Z, denotedby Z"*?. Notethat,oncewe have choseranessentiabysteniZ from agivensystemzZ”¢? is
uniquelydeterminedandthatA is thesmallessubsebf Q with respecto thepropertythatE(Z) = E(J7).

As amethodof attributereductionin agivensystemtheroughsetapproactis asafeanduseful,if computa-
tionally expensve, pre—processintpol which canfeedits resultsinto othertechniquesvhich aresensitve
to redundaninformationsuchasstatisticalmethodsor neuralnetworks. A goodexamplefor this canbe
foundin [7].

4.2 Datafiltering

One of the situationsin which rough settheory offers no adviceis whenan information systemhasan
emptycore. This indicatesa high substitutionrate amongthe attributeswhich may be dueto incomplete
pre—processingr operationalisatiomf the “raw data”which resultsin aninformationsystemwherethe
granularityis still too high.

...nhondeterminisnis particularly strongif thecore knowledges void. Hencenondeterminism
introducessynonymyo the knowledgewhich in somecasesmaybea drawbad [47, p. 38].

Thereis no specificadvicewithin rough setanalysisfor this situation. In practice,proceduresuchas
the statisticalanalysisof the appearancef attributeswithin reducts[e.g. 60] are usedto copewith this
problem.However, we have shavn in [18] thatthis measurés notreliable.

In[17] we have developedasimpledatafiltering procedurevhichis compatiblewith theroughsetapproach
andwhich mayresultin animprovedsignificanceof rules. Our approactcanbe viewed a specialcaseof

the more sophisticatednethodswhich were independentlydevelopedin [56]. A generalisatiorof this

“within attributesfiltering to severalattributeshasbeenproposedn [61, 62].

Themaintool are‘binary informationsystems’ andwe shalloutline the procedurewith anexamplefrom
[17].

Considettheinformationsystemgivenin Table3. We interpretthis informationsystemasfollows:
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Table 3: Heartattackinformationsystemz,

U | med| psych| H| U | med| psych| H

T 1 3 O s 2 4 1

T 3 2 0 || ze 4 1 1

T4 3 3 0 || zs 5 4 1
e Iy,...,Tg arepersons.

e Theattribute med is a combinedmeasureof medicalindicatorsfor the risk of a heartattack,while
psych is acombinedmeasuref psychologicalindicators[seee.g.11, 54].

e Thevaluesof therisk measuresre
1-NORISK, 2—SMALL RISK, 3—MEDIUM RISK, 4 —HIGH RISK, 5—VERY HIGH RISK.

e ThedecisionvariableH is interpretedasthe obsenation of a heartattackwithin a predefinedime
span,andwe code

1 - HEART ATTACK, 0 — NO HEART ATTACK

Oneeasilyseeghatf),,cq psycny = idrr, andthereforewe have therule

{med, psych} = H.
Onethe otherhand,the statisticalroughsetanalysisof [15] presentedn the next sectionshavs thatthere
is no evidencethatthis dependengis notdueto chance Thisis surprising becausehe dependenc

“High medicalor high psychologicalisk leadsto heartattack”

is obviously presentHowever, this statementisedar lessinformationthanthatgivenby Z;: Thereareonly
the two risk values{high, not high}. If we recodetherisk valuesaccordingly we obtainthe information
systemZ,:

U | med| psych| H| U | med| psych| H
T 0 0 0 || =5 0 1 1
T 0 0 0 || ze 1 0 1
3 0 0 0| z7 0 1 1
L4 0 0 0 8 1 1 1

We still have thedependenc{med, psych} = H; thestatisticalanalysishowever, shavsthatthechance
to getthe sameresultby randomis about2.7%. Hence this dependengccanbe consideredignificant.As
anexampleof our method we outlinethe procedurenow to getfrom Z; to Zs.

Let usfirst discusshinary information systems. Theseare thosesystems,in which the rangeof every
informationfunction hasexactly two elements Roughlyspeakingwe obtaina binarysystemZ? from an
informationsystemZ by replacinga non—binaryattribute ¢ with a setof attributes,eachcorrespondingo
anelemenbf V,; theassociatethformationfunctionshave valuel if andonly if = hasthisvalueunderf,;
binarisatiorof attributesis not new, seefor example[30, 63]. Table4 shavsthebinarisatiorof theexample
givenin Table3. We seethatin the procesof binarisationno informationis lost; indeed,informationis
shiftedfrom the columnsto therows.

Theprocedurenow is asfollows:
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Table 4: Thebinarisedsystemz?

U med psych H
mip Mz M3 M4 M5 | P11 P2 P3 P4 Ps
x1 1 0 0 0 0Ol0 O 1 0 0}0O0
Z9 0 0 1 0 0Ol0 1 0O 0 0}O0
z3 0 1 0 0 01 0 O 0O 0}0O0
24 0 0 1 0 0Ol0 O 1 0 0}0O0
x5 0 1 0 0 OO0 O O 1 0]1
zg 0 0 0 1 0O(l1 0 O 0 O0]1
x7 1 0 0 0 0Ol0 O O 0 1|1
zs 0 0 0 0 110 0 O 1 o012

Step1. ConstructhebinaryextensionZ asshovn in Table4.
Step2. Findthebinaryattributesm;, p; for which

(V‘E € U)(fmz('r) =1- fH('r) = 1);
(Ve e U)(fp,(x) =1 fu(z) =1),
andbuild their union within med, resp. psych in the following sense:lf, for example
mi,,. .., m;, satisfy(Step?2), thenwe defineanew binaryattributem;, . ;, by
Frnigp (2) =1 &L Jm;(x) = 1forsomej € {io,...,ix},

(z) =1
= e{innin} Jmy @) =1,

andsimultaneouslyeplacem;,, ..., m;, by m;, ;..
Becausegm4, m5} aswell as{p4, ps} shaw this property we replacethe two attributes
my, ms (p4, ps) by anaggrgateattributemys (pas).
Similarly, we find the attributesm;, p; for which
(Ve € U)(fm:(2) =1 = fu(z) =0),
(Ve € U)(fy, () = 1 = fr(x) = 0)

and build their union within med, resp. psych. We seethat only {p,, p3} hasthis
property sothatafterthis stepwe obtain

U

z

3
N
w
ot

(]
T3
T4
Ty
Te
Ty
s

PR PRPPOOOOTI

orocoocoooor|3
cooror ool
coocoororold
I—‘OI—‘OOOOO§

coroor ool
=3
PR OROOOO|E

QO OOk ORF

Step3. Performaroughsetdependencanalysiswith the attributesof this systemwith respect

to thedecisionattribute 4. Thisresultsin

{m1, ma, m3, pas}
{ma, p1, pas}
{ma, pa3, pas}
{ma, p1, pas}
{mas, p1, p2s}

{mas, pas}

OO~ WN P
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Step4. Chooseall reductswith the smallestcardinality* for further processing.In the exam-
ple thereis only one collection of attributesthat meetsthis condition, namely the set

{mas, pas }.

Becausall otherbinary attributesare superfluougo expressthe dependengcof H from med andpsych,
we finally obtainZ, onp. 12. |

Thedetailsof thegeneraprocedurecanbefoundin [17]. Furthermorethe papershowvsthatthe detection
of significantrulesis asgoodor betterthanwithoutfiltering.

It is sometimessaid that RSDA canonly be appliedfor nominal data,andthat it is unsuitablein case
the datais continuous.Experiencedoesnot seento verify this statement[4] have appliedthe structural
filtering describedn this sectionto the (highly continuous)ris data.In Table5 welist theresultingnumber
of classesandin bracketsthe numberof classef the unfiltereddata. Obsere the dramaticfall in the
numberof classe®f the petalattributes.

Table5: Structuralfiltering of Iris data

Attribute Filter No of classes

Sepalength: 43-4853 — 46 22(35)
66,70— 70
71-79— 77

Sepalwidth:  35,37,39-44— 35 16(23)
20,24 — 24

Petallength: 10-19— 14 8 (43)

30-44,46,47 46
50,52,54-69— 50

Petalwidth: 1-6— 2 8(22)
10-13— 11
17,20-25— 17

Table6 shows that, for this data,the predictionquality of the RouGHIAN methodis approximatelyequal
to thatof discriminatanalysiseventhough

e ROUGHIAN doesnotusethe metricinformationof the dataset,exceptthatrules“nearby” have to be
evaluated,

e ROUGHIAN doesnot assumeanunderlyinglinearmodelwithin the data,

¢ ROUGHIAN doesnot makeary homogeneityor spatialdistributionalassumption,

in contrasto discriminantanalysis.

4.3 Significancetesting

Althoughroughsettheoryusesa only few parametersvhich needsimplestatisticalestimationprocedues
its resultsshouldbe controlledusing statistical testingprocedues in particulay whenthey are usedfor
modelingand predictionof events. If rulesare basedon only a few obsenrations,their usefulnesasa
predictiontool mayberatherlimited:

Considera datasetin which there is a nominal attribute that uniquelyidentifiesead exam-
ple ...Using this attribute one can build a 1 — rule that classifiesa giventraining set100%
correctly: needlesso say therule will not performwell on anindependentestset[29].

4Sectiord.4 presents differentmethodof choosingattribute sets.
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Table6: Predictionof Iris data

Discriminantanalysis
Predictectlass Classesn .thetestingsejt_
Setosa Versicolor Virginica
Setosa 1.000 0.000 0.000
Versicolor 0.000 0.940 0.069
Virginica 0.000 0.060 0.931
ROUGHIAN

Setosa 1.000 0.000 0.000
Versicolor 0.000 0.939 0.071
Virginica 0.000 0.061 0.929

In [15] we have developedtwo proceduresboth basedon randomizatiortechniqueswhich evaluatethe
validity of predictionbasedon the approximationquality of attributesof roughsetdependencanalysis.
Theseprocedureseento beparticularlysuitableto roughinformationanalysisasa datamining tool which

is datadriven anddoesnotrequireoutsideinformation.In particular it is notassumedhattheinformation
systemunderdiscussioris a representatie samplewhich, aswe have mentionedearlier is a problemfor

ary methodof dataanalysis(Table 1 on page2). We invite the readerto consult[21] or [38] for the
backgroundandjustificationof randomizatiortechniquesn thesesituations.

Let o beapermutatiorof U, and P C Q. Wedefinenew informationfunctionsff(P) by

£ () % {ﬁ(a(x)), frePp,

| fel), otherwise

The resulting information systemZ,, permutesthe P—columnsaccordingto ¢, while leaving the Q—
columnsconstant.We let v(Q — «(P)) be the approximationquality of the predictionof o(P) by @
inZ,.

Givenarule Q — P, we usethe permutationdistribution {v(Q — o(P)) : ¢ € X} to evaluatethe
strengthof theprediction@ — P. Thevaluep(y(@Q — P)|Ho) measuretheextremenessf theobsered
approximationquality, andit is definedby

(4.1) p(4(Q — P)|Ho) = [{¥(@Q — a(P)) ZI%Q — P):oeX}

If p(v(Q — P)|Hy) is low, traditionally below 5%, thentherule Q — P is deemedsignificant,andthe
(statisticalhypothesis ) — P isdueto chancecanberejected Otherwiseif p(y(Q — P)|Hg) > 0.05,
wecall Q — P acasualdependencyA similaridealeadsto the definitionof conditionalcasualattributes
within roughsetdependencanalysis.

Example 1. [15]
Considetthefollowing informationsystem:

w N RC
R o ol
N R O a,

O - O

Therule {p, ¢} — d is perfect,sinceyy, .3 (d) = 1. Furthermoretherule is deterministiccasual because
every instancds basedn a singleobsenationonly.

Now supposehatwe have collectedthreeadditionalobsenations:
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w N P C
R O ol
N R Ol
=
R O ol
N R O e

O - O=
O - O=

To decidewhetherthe given rule is casualunderthe statisticalassumptionwe have to considerall 720
possiblerulesasoutlinedin (4.1) andtheir approximatiomgualities. The distribution of the approximation
qualitiesof the 720 possiblematchingrulesis givenin Table 7. Giventhe 6—obseration example,the

Table 7: Resultsof randomizatioranalysis observ

yr | Noofcases p(y({p,q} — d)|Ho) | Exampleof &
1.00 48 0.067 1,17,2,2,3,%
0.33 288 0.467 1,1,2,3,2/,%
0.00 384 1.000 1,2,2,3, 1,3

probability of obtaininga perfectapproximatiorof d by {p, ¢} undertheassumptiorof randommatching,
is 0.067 which is by far smallerthanin the 3—obseration example, but not corvincing enough,using
conventionala = 0.05, to decidethattheruleis sufficiently significantto be notcasual. m|

We have appliedthe procedureso threewell known datasets,andhave foundthatnotall claimedresults
canbecalledsignificant,andthatothersignificantresultswvereoverlooked.Detailsandmoreexamplescan
befoundin [15].

Althoughtherandomizatiortechniques quiteuseful,it is ratherexpensve in resourcesandit is notalways
feasible(or, indeed possible}o exactly computen. However, arandomlychosersetof permutationswill
usually be sufficient; Dwass[20] hasshawn that the significancelevel of a randomizationtestis in a
sensexact even when the randomizationdistribution is only sampled. In [24] we presenta sequential
randomizatiortestwhich considerablyreduceghe computationakffort.

Randomizatioris only applicableasa conditionaltestingscheme:Thoughit tells uswhena rule maybe
dueto chanceijt will not give usary informationfor the comparisorof two differentrules. How onecan
addresshis problemwill bepresentedn thenext section.

4.4 Uncertainty measuement

To compardifferentrulesand/orcompareifferentmeasuresf uncertaintyoneneeds generaframevork
in which to performthe comparisons.

The traditional measuref RSDA, the approximationquality, aswell as lower and upperapproxima-
tions are conditional constructions put, from the start of its development,RSDA hasbeenappliedin

unconditionakituations.Oneproblemis thatdifferencef granularitywithin the setof independentari-

ablesis not takeninto accountby theseconstructions. Table 1 on page?2 is an illustration how quick
granularitycangrow, andone cannotrightfully ignore granularitydifferences.Therefore approximation
gualitiescannotin generabe comparedif we usedifferentsets() andR for the predictionof P.

To definean unconditionalmeasureof prediction succes®ne can usethe idea of combining program
compleity (i.e.tofind acertainrulein ROUGHIAN) andstatisticaluncertainty(i.e.ameasuref uncertainty
within theindeterministicrules)to a globalmeasuref predictionsuccessA lackin statisticalreliability
correspondso predictionsvith morecomplicatedules—anapproachhatis well known astheconstructive
probability appoacd or Kolmogoov compleity [33, 36].
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We arehave developedthreemethodsrelatedto the ‘Minimum DescriptionLength’ approactsee36, for
a detailedexposition] which enhanceRSDA sothatit canbe usedmorereliably for predictionandin the
situationof competingexplanationg18].

Our scenarids asfollows:

e We have aninformationsystemZ = (U, Q, Vy, f)qeq, Where|U| = n, andsetsQ, P of attributes.
Theaimis to describethe uncertaintyof the predictionof attributesin P by attributesin Q.

A specialrolewill beplayedby thoseattributesin @ whichinduceadeterministicrule; we shalldenoteby
V theunionof all 6o classesvhichinducesucharule,i.e. which area subsebf a uniqueclassof fp.

WhereasRoUuGHIAN handlesdeterministicrulesin a straightforwardmanney the statusof the indeter
ministic rulesremainssomavhatunclear Thereare— atleast— threedifferentapproacheso describethe
amountof uncertaintyof theindeterministiculesin ROUGHIAN.

The first approachis basedon the assumptiorthat, givena classY of 6p, ary obsenation y in the set

vo \ Y, C U isaresultof arandomprocessvhosecharacteristicaretotally unknovn to theresearcher
Given this assumptionno informationwithin our datasetwill help usto identify the elementy, andwe
concludethateachsuchy requiresarule— or class- of its own. In thiscaseary elemenbf U\ V is viewed
asarealizationof a probability distribution with its uncertainty= log, (n). In otherwords,we assumehe

maximumentropy principle which minimizesthe worst cases,and look at the equivalencerelation 95
definedby

v =08y £ & — y or thereexists somei < ¢ suchthatz, y € X;.

Its associategrobabilitydistributionis givenby {4 : i < ¢ + |/ \ V|} with

o der | T, iFi< e,
4.2 i = .
4.2 v {%, otherwise

We now definethe entropy of roughprediction(with respecto ) — P) as

0 @ ) H05) = T b )

This type of entropyseemso be closestto our basicaim to useas few assumption®utsidethe dataas
possible:

“Althoughtheremaybemary measureg thatareconsistentvith whatwe know, theprinciple
of maximumentropy suggestshat we adoptthat ;* which hasthe largestentropyamongall
the possibilities. Using the appropriatedefinitions,it canbe showvn thatthereis a sensein
whichthis g* incorporateshe ‘least’ additionalinformation”. [31].

Notethatthis approaclassumeshatclasses¥ of dy have to be obsenedwithin arepresentatie sample,
or —in termsof parameters- the approachmeedsonly the probability distribution 7 of the classeswithin

fg.
To obtainanobjective measuremente usethe normalizedroughentropy(NRE) of (4.3),where

H™8N(Q — d) — H(d)
log,(|U) — H(d)

(4.4) Srough(@ = d) =1 —
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Table 8: DatasetandSORESvalidation

Dataset SORES C4.5(8)

Attributes No. of
Name Cases| Classes Cont. | Discr || pred.attr Error | Error
Anneal 798 6 9 29 11 6.26 7.67
Auto 205 6 15 10 2 11.28| 17.70
Breast-W 683 2 9 - 2 5.74 5.26
Colic 368 2 10 12 4 21.55| 15.00
Credit-A 690 2 6 9 5 18.10| 14.70
Credit-G 1000 2 7 13 6 32.92| 28.40
Diabetes 768 2 8 - 3 31.86| 25.40
Glass 214 6 9 - 3 21.79| 32.50
Heart-C 303 2 8 15 2 22.51| 23.00
Heart—H 294 2 8 15 5 19.43| 21.50
Hepatitis 155 2 6 13 3 17.21| 20.40
Iris 150 3 4 - 3 4.33 4.80
Sonar 208 2 60 - 3 25.94| 25.60
Vehicle 846 4 18 - 2 35.84| 27.10
Std.Deviation 10.33| 8.77

If theNRE hasavaluenearl, theentropyis low, andthe choserattributecombinationis favorable whereas
avaluenear0 indicatescasualnessThe normalizationdoesnot usemoving standardsslong aswe do

notchangehedecisionattributed. Thereforeany comparisorof NRE valuesbetweerdifferentpredicting
attribute setsmakessensegivena fixed decisionattribute.

The implementedoroceduresearchesor attribute setswith a high NRE; sincefinding the NRE of each
featuresetis computationallyexpensve, we usea genetic— like algorithmto determinesetswith a high
NRE.

We have namedthe methodSORES anacrorym for SearchingOptimal RoughEntropy Sets. SORESIs
implementedn our roughsetengineGROBIAN [14]°.

In Table8 we list the basicparametersf severalknown dataset§, andcomparethe SORE Sresultswith
the C4.5 performancegivenin [53]. The column“No. of pred. attr” recordsthe numberof attributes
which areactuallyusedfor prediction.

The resultsindicatethat SORESIn its presentversioncan be viewed as an effective machinelearning
procedurebecausds performanceomparesvell with thatof thewell establishedC4.5method:Theodds
are7:7 (giventhe 14 problems)that C4.5 producesetterresults. However, sincethe standarddeviation
of the errorpercentagesf SORESIs higherthanthatof C4.5,we concludethat C4.5hasaslightly better
performancahanthe currentSORES.

The secondapproachto handleuncertaintyrecognizeghat 8 » inducessomestructureon U/ \ V: If X

is a classof f; which doesnot leadto a deterministicrule, thereareclassesyy, ..., Y, of fp, s > 2,

suchthat X intersecteachy; \ V. Uncertaintygiven X cannow be measuredy the uncertaintywithin

{Yo\V, ..., Y;\V}. Theassumptiortanbeinterpretedn thesensehatary rule produces certaindegree
of imprecisionin the predictionof 6, but thattheamountof uncertaintyis basedsolelyonthe uncertainty
within P anddoesnotinteractwith (.

5All materialrelatingto SORES e.g. datasetsa descriptionof the algorithm, aswell as GROBIAN, canbe obtainedfrom our
websiteht t p: / / ww. psycho. uni - osnabr ueck. de/ sor es/
Shttp://www. i cs. uci . edu/ ~m earn/ MLReposi tory. htm
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Thefinal approachs basedon the assumptiorthat structureandamountof uncertaintycanbe estimated
by theinteractionof P and(. In this caseary classX € g determinests own probability distribution

basedonits intersectiorwith the classe®f fp. This leadsto thetraditionalnotion of conditionalentropy
which is basedsolely on combinatorialstatistics,and haslittle connectionto the original intentionof the

roughsetmodel.

BecausdROUGHIAN offersseveralinterpretation®f uncertaintywe needanobjective methodto compare
differentunconditionaimeasuresf predictionsuccesslLooking at our threedifferentuncertaintyinterpre-
tations,we seethat they are basedon differentnumbersof parametersWhereaghe first approachonly
needshe probabilitiesof the classesvithin thesetf g, thesecondapproactadditionallyrequiresthe prob-
abilities of the classef 8p. Thethird approachhneedseven more parameterssincethe probabilitiesof
the classeswithin the setfy x #p arerequiredto computethe uncertainty Only in very rare casesare
theseprobabilitiesknown in advance andnormally, we have to estimatethe parametersHowever, because
estimatecparameteraindtheir true valuesmight differ, we encounteanothersourceof uncertaintywhich
depend®n the standarcerror of the estimatedbarameterAn objective methodof comparingthe different
measuresf predictionsuccessvill thereforehave to takeinto accounthedifferentamountf uncertainty
in the estimationprocess.

5 Summary and outlook

We have describedhetools of basicRSDA andhave identifiedthreeareaswvherethetraditionalroughset
methodcanbeenhancedy methodswell within theroughsetphilosophy:

¢ Datafiltering,
¢ Significanceestingof roughsetrules,
e Describinganobjective uncertaintymeasuref roughsetrules.
For theseareaswe have proposedools which supplementhe original model,andwhich canturnit into

afully fledgedinstrumentfor informationanalysisandprediction,complementaryo traditionalstatistical
modelsasindicatedin Table9.

Table9: ROUGHIAN & Statisticalmodelling

ROUGHIAN | Statistical models
Describingredundanyg Reducinguncertainty

Top down, reducingthefull attribute set | Bottomup, introducingnew variables
ReductsandCore Influencingvariables

Comparingboth approachesye obsere that statisticalrulesare (usually)short,but far from beingdeter
ministic. A statisticalmodeltriesto find shortrulessearchingwithin the setof predictorvariablesbhottom
up in orderto find the mostinfluential variables(attributes)which reducethe uncertaintyasmuchaspos-
sible within the model. Only if we deletea certainamountof the obsenationswe endup with a perfect
prediction.Becausehis canonly bedonein atrainingset,statisticarulesareinterpretedvith anamountof
uncertaintywhich canbeestimatecandminimisedwithin thelearningset.In contrasttheRSDA approach
(usually)producedong deterministicruleswhich canbetransportedirectly from thetraining situationto
the application.The proceduresrisingin RSDA try to shorternthe deterministicrulesasgoodaspossible
by reducingredundang amongthe attributes,which canbedoneby atop down method.

Obviously, theuseof bothmethodsiependenwhattheresearchehadin mind. Neverthelesstheintention
of themodelleris nottheonly criterionto chooseRSDA or the statisticalapproach:
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¢ If therearemary obsenationshut only a few attributeswith low granularity RSDA will not have
agoodchanceo producesoundresults,anda statisticalprocedurewill be the bestway to treatthe
datadescriptionproblem.

¢ If therearefew obsenrationsbut mary featuresstatisticalmodellingwill facea problem,because
too mary differentstatisticalrulescanbe usedto describethe data. Reportingall the ruleswill be
quiteuselessn mostapplicationsandary selectiorof attributeswould be subjectve to someextent.
RSDA triesto reducethesetof attributesto thosefeatureswvhich containthe sameinformationasthe
full attributeset(seeSectiord.1). Sincereductsarebasedn the conditionalapproximationquality,
carehasto be takenwhen comparingthe predictionquality of differentreducts. An alternatve to
reductsearchs thesearctfor attributesetswith optimalentropy which constitutesanunconditional
measurethusallowing comparisorof predictorsets.

The presentatiomf roughsetdataanalysisandits enhancementgivenin this paperis mainly basecbn our
own work. RSDA beinga very active andfruitful researctfield has,of course mary otherfacetswhich
we could not go into in the available space(shortof writing a book). While we have tried to overcome
the inherentlimitations of RSDA by keepingthe original modelandaddingproceduresvhich arein the
original spirit of RSDA, thereare otherdirections,for example,makingthe crisp boundsof equivalence
classesoft by looking at variableprecision,or investigatingothertypesof indiscernabilityrelationsand
neighbourhoodystems[seee.qg.50, 57, 66] andthereferencesherein.

In mostapplicationsthe objectsof aninformationsystemarethemselesunstructuredwhile theattributes
have, say an ordinal domain. It would be advantageoudo have a rough approachto the modelling of
ordinalrelations[13]. It is alsoof interestto develop proceduresvhich takeinto accountthatthe objects
themseleshave astructure for example,if they arebinaryrelations[9, 64].

Finally, sinceRSDA assumesmplicitly that the collectedinformation is without error, a non-irvasive
probabilisticerrortheorywould furtherimprove the quality of RSDA. We have startedsuchinvestigations
in [25].
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